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Throughout the exam, A denotes the Lebesgue measure on (R, £).

Problem 1. Show that the set of all real numbers that have decimal expansion with the

January 2025

digit 5 appearing infinitely often is a Borel set.

Proof. Because the collection of all Borel sets is a g-algebra, it is closed under taking com-
plements, we will show that the set of all real numbers that have decimal expansion with

digit 5 appearing finitely many often is a Borel set.
Furthermore, since a o-algebra is closed under taking countable unions,

and R = U n,n+ 1], and [n,n + 1] = n + [0, 1] for any n € Z, we will show that the

set of all numbers in the interval [0, 1] that have decimal expansion with digit 5 appearing

nez

finitely many often is a Borel set.

For k € Ny, define

Then,
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By

By

Here by ajas, for example, we mean the two digits a; and as of the number aias; not the

By, := {x € ]0,1] : decimal expansion of x has exactly k& number of 5’s}.
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Thus, it suffices to show that By is Borel. Let
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Iy =10,1]
9

m + ]0
I = 1;\|0.5,0.6) =
1 0\[ Y ) UO 10
M5
S m+ I
I = !
2 UO 10
m5
’m + 1
Iy = N
a=Uns
m5
Then, By = ﬂ I,,. Thus, By is Borel. This completes the proof. O

n=0

Problem 2. Suppose (X, S, i) is a measure space and h € £!(u). Prove for any ¢ > 0 that
1
p{z € X [h(z)] = c}) < Al

Proof. Let ¢ > 0. Then, X = AU B where

A={zre X :|h(z)|<c} and B:={ze€ X :|h(x)| > c}.

Thus,

il = all + ol = sl = [ > [ e dp=c- ().
Therefore, p(B) < %HhHl O
Problem 3. Prove the existence of the limit

lim L o)

n—oo Jp 1422 14 e

and compute it.



1 enx
1422 14 ene’

1
defined by f(z) := T Then, f, / f. Furthermore, we have the improper integral
T

1
/ T2 d\(x) = 7. Therefore, by the Lebesgue Dominated Convergence Theorem,
R x

Proof. For n € N, define f,, : R — R by f.(z) :=

Let f : R — R be

1 nx
lim N d\(z) = 7.
n—oo Jp 1422 14 e

]

Problem 4. A sequence of measurable functions f,, : [0, 1] — [—00, 00| is said to converge
in measure to a measurable function f : [0,1] — [—o0, 00] if

for any § > 0, nh_>nolo)\{:1: e0,1]: |(fu — f)(x)| >0} =0.

Suppose that for each n € Z* we have f, € £'([0,1]) and also that f € £'([0,1]). If
fn — f in measure, does it imply that

lim [ fod = [ fad\?

=% J10,1] [0,1]

Either prove it or give an explicit counterexample.
Answer. Let f, := X[o,1] and f = 0. Notice that

{z €[0,1]:|(fn — f)(x)] >0} = {x €[0,1] : nX[o,1] > 5} C [0, %] for large enough n.
Thus,

p (€ 0,11 — A > 51 =~ >0

This implies, f, & f = 0.

But
fn dlu’ = n/ X[(L
[0,1] [0,1]

3=

1
]d,u:n~—:1—/»0:/ fdpu.
" [0.1]

Problem 5. Let C([0, 1]) denote the vector space of all continuous functions f : [0,1] — R
with the operations of addition and scalar multiplication done pointwise. Prove that C([0, 1])

1
with the norm defined by / | f| is not a Banach space.
0

Proof. Define the sequence (f,),, of functions by f,(z) := nwx 1;() + x(2 y(2). That is:

ne, if0<z<?i
n\L) = "
Fnl) {L if L <o <1



Also, define the function f :[0,1] — [0, 1] by

ﬂ@_{a if 2 =0,

1, f0<z<l1.

Then,
1 L 1 1 1 1
/fndu:/ nxdu+/1du:—+1———>1:/fdu.
0 0 1 2n n 0

But f ¢ C(]0,1]) even though f,, € C([0,1]) for all n € N.

Problem 6. Let £'(R) denote the Lebesgue measurable functions f : R — R such that
fllL = /|f] d\ < oo. Ignoring that there exist non-zero functions f € L£!'(R) with

||f]l1 = 0, let us consider (L'(R),|| - ||1) as a normed linear space.

(a). Show for Lebesgue almost every x € R that

/f(x — y)e’y2 dA(y)
is a finite number.

(b). Define a new function Af : R — [—o00,00] by Af(x) = /f(x —y)e ¥ dA(y). Prove
that Af € L'(R).

(c). Show that A defines a bounded linear transformation A : £'(R) — £'(R) and show
that ||A]| < /7.

Proof. (a). By change of variables we get
‘ [ 1= dA<y>\ _ ‘ [ 1w gy
< [ 15 dut)l, - e <1
< 00
Thus, the given integral is finite for almost every = € R.

Note. The almost every part comes from the fact:
“f € LYR) = f(zx) < oo for almost every z € R”.



(b).
Juastaxe = [| [ o= ne are)| axe)
<//(f(:v—y)ey2
— [ [1r= vl axw) dx@
_ / / f(x = )| - e d\(z) dA(y), by part (a) and Tonelli’s Theorem
= [ | [1s -1 x| v
= [l axw)

e / e dA(y)
— Il

dA(y) dA(x)

Note. To see why /e‘y2 d\(y) = /7.

Let I := /€_y2 dA(y). Then

I? = (/ eV’ d)\(y)) X (/ e d)\(x))
= / / e~ @) dX(y) dA(z)

27 [e's)
= / / e "r dr df, where 12 = 2% + 4/? tanf = Ly
0 0 x

27 e

270
1271'
| ey

= .

Thus, [ = /7.
(c). For f,g € L'(R) and K € R we have
AT+ Kg) = [ 17— 9) + Kol — )" dAly)
= /f(x —y)e " dA(y) + K/g(a: —y)e ¥ dA(y), - integration is linear
Thus, A is linear. From part (b) we have ||Af]| < /7||f]l1 for any f € LY(R). Thus,

1Al < v/7.
O
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Below m*() and m(-) are the outer Lebesgue and Lebesgue measures on the real line.

Problem 1. Let {E,}, be pairwise disjoint measurable sets, £ = U, E,,, and A be any
set. Show that
m*(ENA)=> m"(E,N A).

Proof. By the countable sub-additivity,

m (ENA) <> m*(E,NA).

Thus if we can show the opposite inequality, then we are done. Because FE; is measurable,
by the definition of measurability and the pairwise disjointness of {E, },—1 we get

m*(EN A) = m*(E, N A) +m*< |_|(EnmA)>.

n=2

This implies for any N € N,

m*(ENA) :Zm*(EnﬂA)+m*< | | (EnmA)>.

n=1 n=N+1
Therefore for any N € N,
N
m*(ENA)>> m*(E,NA).
n=1

Then by taking the limit as N — oo we get

m (ENA)>> m"(E,NA).

n=1
This completes the proof. O

Problem 2. Let f be a continuous function on [0, 1]. Show that there exists a measurable
subset F C [0, 1] such that f(FE) is not measurable if and only if there exists A C [0, 1] such
that m(A) = 0 and m*(f(A4)) > 0.

Proof. (=). Suppose there is a measurable set F C [0, 1] such that f(F) is not measurable.
Then £ = G N A where G is a G5 set and A is a measurable set such that A€ is a null
set. Because the continuous image of a G4 set is measurable, we must then have f(A) is
non-measurable. Hence m*(f(A)) > 0 as every null set is measurable.

(<) Suppose there exists A C [0, 1] such that m(A) = 0 and m*(f(A)) > 0. Then by
Vitali’s theorem there is F© C f(A) such that F is non-measurable. Let E = AN f~1(F).
Then E is measurable as m(F) = 0 and f(E) = F' is non-measurable. O



Problem 3. Let {f,}, be a sequence of measurable functions on E, m(E) < co. Assume
that for every x € F there exists a constant M, such that |f,(z)| < M, for all n. Show that
for every € > 0 there exists a closed set F, C F and a constant M, such that |f,(z)| < M.,
for all n and = € F,, and m(E\F,) < e.

Proof. Let € > 0 be given. Because m(E) < oo, we can find N, € N such that m(E\[—N,, N)
€/2. Let F':= EN[—N, NgJ. Then by Lusin’s theorem we can find a decreasing sequence
(Fy)n=1 of compact subsets of F' such that for each n € N, f, is continuous on F,, and
m(F\F,) < e> . 1/2"" Let F. = (,_, F,. Then m(E\F,) < ¢/2+¢€Y.,_, 1/2F! =
€/2+€/2=c¢.

It remains to show that there is a uniform constant M, such that |f,(z)| < M., for all
n and x € F,. For a contradiction let’s assume that it is not the case. Then the decreasing
sequence (A;);— of compact sets defined by

Aj={x € F.:|fy,(x)| > j for some n; € N}

has non-empty intersection by the Cantor’s intersection theorem. Then for any xy € () i1 Aj,
we have My, > |fn,(z0)| > j for all j € N. This implies M,, = co. Contradiction. O

Problem 4. Let {f,}, be sequence of functions on [0, 1] whose total variations are
uniformly bounded. If f,, — f pointwise on [0, 1] as n — oo, show that f is a function of
bounded variation. Will the conclusion remain true if we simply assume that each f, is a
function of bounded variation? (justify your answer)

Proof. Let 0 < € < 1 be given. Let P := {0 = zg, 21 2—1 = 1} be a partition of
[0,1]. Then for each j € {0,---m — 1}, there is f,, such that |f, (z;) — f(2;)| < 5. Let
M >max{n;:j=0,--- ,m—1}. Then |fa(z;) — f(;)| < 5 forall j =0,--- ,m —1. Let
K > 0 be a uniform bound such that TV (f,) < K for all n € N. Then

V(f,P)= Z |f(x5) — f(xi-1)]
< |f(z5) — faur(z)| + Z |far () — far(a)] + Z | (xjo1) = f(2-1)
<e24K+e¢/2=c+K<1+K.
Hence f € Fpy([0,1]). O

For the second part: No. Let f be any (almost everywhere) continuous function on [0, 1]
which is not of bounded variation. By Weierstrass polynomial approximation theorem, there
is a sequence (P,),=1 of polynomial functions on [0, 1] that converges uniformly to f. But
each P, is of bounded variation as any polynomial on a compact interval is Lipschitz.



Problem 5. Let {f,}, be sequence of measurable functions on a measurable set E that
converges almost everywhere on E to an integrable function f. Show that

/E]fn—f\—>01fandonlyif/E]fn|%/E|f\

(both limits taking place as n — o).

Proof. (=). Because || f.| — ||| < [fn — f], we have

fut=[in=s< [ [+ [15-11

Then by taking the limit we get
i [ 1= [ 171

Note: By the second inequality and the hypothesis we have that for all but finitely many
neN, f, e LY([0,1]).

(«<). Notice that |f, — f| = 0, and [, |fo — f| < [ |fal + [ |f] < oo for all but finitely
many n € N (. [ |fu| = [ |f])- Then by the General Lebesgue Dominated Convergence
Theorem we get the claim [, |f, — f| —= 0. O

Problem 6. Let f € L?[0,1] for some p > 1. Show that f € L'[0,1] and that for any
c € (0,]|f]1) it holds that

e € 0.1): 1) > by > (L=2’

where ¢ is the conjugate exponent of p.

Proof. Let By :={xz € [0,1] : |f(z)| > 1}. Then

b s s+ [ sl <o
Thus f € L'[0,1].
If ||f|l, = 0, then f % 0. Thus we have the claim vacuously as such a 0 < ¢ <
0 does not exist. So, suppose ||f||, # 0. Because ¢ € (0,|f||1), ||f]li —¢ > 0. Let
E..={z€]0,1]: |f(z)| > ¢}. Then
Ilh S e [ 151 x5 S e 1Al m(E)
0,1

Hence

e > (M)’
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In what follows, m() is the Lebesgue measure on the real line and E is measurable.

Problem 1. Let F be a measurable set for which there exists 4 € (0,1) such that
m(ENI)>dm(I) for any interval I C (—o0,00). Show that m((—oo,00)\F) = 0.

Proof. Let F' C (—o00,00)\E be such that m(F') < co. Then for any € > 0, there is a count-
able collection {I,},—1 of disjoint open intervals such that | | _, [, D F and >, _, m(l,) <
m(F') + de. Hence

53 m(L) <m(EN]| |1,) < m(< | | In>\F) =3 " m(l,) - m(F) = ée.

n=1

Because € > 0 is arbitrary, this implies > _, m(f,) = 0. Hence m(F) =0as F C | |,_; In-
Because F' is arbitrary, and any measurable set with infinite measure always have a measur-
able subset with finite measure, we have the claim. O

Problem 2. A sequence of measurable functions f, on E converges to a measurable
function f in measure on E if lim,, oo m{z : |(f, — f)(z)| > 6} = 0 for any § > 0. Show
that

(a) almost everywhere convergence implies convergence in measure if m(E) < oo;

(b) almost everywhere convergence does not imply in general convergence in measure if
m(E) = oo;

(c) converge in measure does not imply in general almost everywhere convergence even if
m(E) < co.
Proof. (a) Suppose f, 2% f on E. Let € > 0. Then by Egoroff’s theorem, there is closed
F C E such that f, = f on F and m(FE\F) < e. Therefore for any § > 0, we have
m{x € E:|(fn— f)(x)] >0} =m{z € F:|(fu = f)(x)] > o1+
m{z € E\F : |(fn — f)(z)| > 0}
<m{z e F:|(fn—f)x)]>}+e

Because € > 0 is arbitrary and lim,, .o m{z € F : |(f, — f)(z)| > 0} = 0, we have the
claim.

(b) Let £ = [0,00) and define the sequence of measurable functions (f,),=1 on E by
frn = Xjn,0)- Thus for any = € E, f,(x) — 0. But, for example,

lim m{z : |(f, — 0)(x)] > 1/2} = nh_)rglom([n, 00)) = 00.

n—oo

(¢) Define a collection { Ey , fo<k<m—1, m=1 of intervals of [0, 1] by Ej ., := [k/m, (k-+1)/m].
Define the sequence (f,)n—o of measurable functions on [0,1] by f, = xg,, Wwhere

10



n=m(m-—1)/2+k,neN,0<k<m—1. In other words, (f,)n=1 are the indicator
functions of the sequence of sets:

_]? [_ _]7 [_7

1. .1 1. .1 2. 2
_ 1], ]0, , 1]’...>.
2772 373 3

(10,11, o,

Then for any z € [0, 1], we can find sub sequences (f,)i=1 and (f,,);=1, say, such that
fn;(x) = 0 and f,,(z) = 1 (simply by choosing k,m so that » ¢ Ej,, and z € Ej
respectively). Thus (f,)n,=1 does not converge point-wise anywhere in [0, 1]. But for
any 0 < § < 1 we have

m({z €[0,1] : fu(z) > 6}) = m(Ejm) = 1/m < 1/y/n,
and for any § > 1 we have m({z € [0,1] : f,(z) > 0}) = 0. Thus (f,,)n=1 converges to

f =0 in measure on [0, 1].

[]

See the following Problem 3 for a slightly different example.
Problem 3. Show that if functions f, are non-negative and measurable on E and

S fn < 1/n* | then f, — 0 almost everywhere on E. Will the claim remain true if 1/n? is
replaced by 1/n?

Proof. (See Problem 5 of August 2021 for a different proof)

Let F:=={z € E: f,(z) » 0}. Then

Uﬂ U {z € E: fu(z) > 1/k}.

With the Chebychev’s inequality and the continuity of the Lebesgue measure we have

—m(U ﬂ U{xEEfn(x)>1/k})

k=1 N=1n=N

<> lim m( | J{o € B: fula) > 1/k})

11



No. We can inductively construct a sequence (a,,)n—o of numbers in [0, 1] with following
properties:

i. ap =0 and for any n € N, a,, # a,41.
ii. For n € N, if a,, + 1/n < 1, then let a, 41 := a, + 1/n.
iii. Forn € N, if a,, <1 and a,, +1/n > 1, then let a,.; = 1 and a,42 = 0.

So the sequence has infinite number of finite strings of consecutive terms starting from 0
and ending at 1, again and again. This is possible as > _, 1/n = oo implies for any k € N,
there is K € N such that 2% 1/n > 1 =m([0,1]).

Then we can define a sequence I, := [by,b,41] of closed sub-intervals of [0,1] where
b, = anyk, for some K, € N such that b,,1 — b, < 1/n, and for any n € N, there exist
M, <n < N, such that [0, 1] = )" u, In. Here are the first few intervals of such a sequence:

0,1],
Pl o]
05 535 507 219)

Therefore for any x € [0, 1], we can find two sub-sequences (I, );—1 and (I,,,);—1 such that

v € I, foralli € Nand z ¢ I, for all j € N. Hence the sequence (f,),-1 of functions on
[0, 1] defined by f, := x1, does not converge pointwise anywhere in [0, 1]. But

1
[fol = m(Ln) < —.
I, n

Problem 4. Let f be an integrable function on a bounded measurable set E. Find
limy, o+ [ |f17-

Answer. We prove

lim [E|f]p:m(E\E*).

p—0t

Here E* := f~1({0, 00}).

Let By :={z € E:0 < |f(z)] <1} and Ey := {x € F: 0o > |f| > 1}. Then for all
0<p<l,|fxel? <1,and lim, ;o |fxE,(2)[P = 1. Because f € L'(E), m(f~({cc})) = 0.
Thus by the Lebesgue Dominated Convergence Theorem,

i [ 1P =t [ 1+t [ 1P = (B + () = m(E\E"),

p—0t

Q: What if F is an unbounded measurable set with finite measure?

12



Anidea: E =J~ | E,, where E, := EN[n,n+ 1].

Problem 5. Let E C [0,1] be a Borel set such that 0 < m(E N I) < m(I) for any
subinterval of [0, 1]. Show that f(xz) = m([0,z] N E) — m([0, z]\E) is absolutely continuous
on [0, 1] but it is not monotone on any subinterval of [0, 1].

Proof. Because f(x) = f0$(XE—XEc), an indefinite integral, f € ACY0, 1] by the fundamental
theorem of Lebesgue integral calculus.

For the second part:

e Proof 1: The hypothesis “0 < m(E N1I) < m(I) for any subinterval of [0,1]” says
E is dense in [0, 1], and does not contain any intervals (hence totally disconnected). This,
together with the fact “f’(x) = xg — xge for almost every x € [0,1]”, imply that for any sub-
interval J C [0, 1], there exist points a,b € J such that f'(a) =1 > 0 and f'(b) = —1 < 0.
Thus f can not be monotone on J.

e Proof 2. Notice that, because any Borel set is Lebesgue measurable,
f(z) =2m([0,2] N E) — z.

Case 1: Suppose there is an interval J on which f is monotonically decreasing. Then for
any 1,z € J, x; < xo we have f(xy)—f(x2) > 0. Which implies (zy — z1)/m([z1,22] N E) > 2.
For any given € > 0, choose {I;}x=1, Iy C J so that | |,_, Iz D ENJ and > ,_, m(ly) <
m(ENJ)+ e Then

m(ENT)+e> Y m(l) =Y m(}”;(fg)m FmUnENT) > 2 S m(ILNENT) = 2m(EN).

Because € > 0 is arbitrary, this implies m(E N J) = 0. Contradiction.

Case 2: Suppose there is an interval J on which f is strictly increasing. Then for any
x1,x2 € J, 11 < x9 we have f(x9) — f(x1) > 0. Which implies m([z1,z5] N E) > (x9 — x1)/2.
Then by Problem 1 (replacing (—oo, 00) with J), m(J\E) = 0. Which implies m(J N E) =
m(J). Contradiction.

Because J is an arbitrary interval, f is not monotone on any sub-interval of [0, 1].

e Proof 3. If you are allowed, use the Lebesgue Density Theorem. O

Q: Can E be a Lebesgue measurable but non-Borel set (with positive measure, of course)?

Q: Does there exist a Lebesgue measurable but non-Borel set £ C [0, 1] such that for
any interval I C [0, 1], £ N[ is non-Borel?

An idea: Any Lebesgue measurable set is a Borel set minus a set of measure zero.

13



January 2023

Problem 1. Let A be a set such that AN K # () for any compact subset K of real line of
positive measure. Show that A has infinite outer Lebesgue measure.

Proof. If m(A) < oo, then m(A°¢) > 0. Hence by the inner regularity of the Lebesgue measure
there is a compact set K C A° say, with m(K) > 0. This contradicts the hypothesis as
ANK =9. O

Problem 2. Show that if f is continuous almost everywhere on [0, 1], then it is measur-
able.

Proof. Let E C [0, 1] be the set of all points at where f is continuous. Then m(E¢) = 0,
and therefore ' and f|, ("." the inverse image of any open set under f| is the intersection
between an open set and E) are measurable. Because f~((a,00)) & f|z'((a,00)) for any
a € R, f is measurable. O

Problem 3. For a non-negative measurable function f on a measurable set E define

my(t) = m{f > t}),t >0,

where m is the Lebesgue measure. Show that [ P = fooo m, for any non-negative simple
function ¢.

Proof. Let ¢ = > 7 ckxp; with ¢ < -+ < ¢,. Then

n—1 n

my(t) = X[o,e1) Z m(ENE;)+ [X[%C,CH Z m(E N EJ)} :
k=1 j=k+1
Thus
[ee) n n—1 n
/ My = ¢ Z m(ENE;)+ |:(Ck+1 —cx) Z m(EN E])]
0 j=1 k=1 j=k+1

]

Problem 4. In the setting of the previous problem and assuming its statement is true,
show that [, f = [ my for any non-negative measurable function f.

Proof. By the simple approximation theorem, we can find an increasing sequence (¢,)n=1 of
positive simple functions such that ¢,  f on E. By the monotone convergence theorem
Jwen /7 [ [, and by the previous problem [, ¢, = [~ m,, for all n € N. Thus if we can
show lim, o0 [ My, = [, my, then we are done.

14



Notice that for any ¢t > 0, x € {z € R: f(z) > t} if and only if z € {z € R: ¢,(z) > t}
for all but finitely many n € N. Thus

{zeR: f(z >t}—Uﬂ{x€R on(z) > t}.

k=1 n=k

Then
mys(t) =m({x e R: f(x) > t})

:m([] ﬁ{xER:gon(ac)>t})

k=1n=k

= lim m( m {zr eR:py(x) > t}), *.» continuity of Lebesgue measure
—k

k—o0

= lim m({z € R : gi(x) > t})," ﬂ{xeR on(z) >t} ={z e R: pp(z) >t}

k—o0

= lim m({x € R: p,(z) > t}) = hm M, (t).

n—oo n—oo

Because ¢t > 0 is arbitrary and (m., ),—1 is an increasing sequence of measurable functions,
by the monotone convergence theorem we get

o0 o0
lim My, = my.

This completes the proof. O

Problem 5. Let f be integrable function of the real line. Show that f = 0 almost
everywhere if [, f = 0 for any interval I of length 1.

Proof. For the sake of contradiction let’s assume that there is € > 0 and a measurable set
E inside of an interval of length 1 such that m(E;") > 0 and f’\Ef > ¢ (choose Ej" to be

maximal, up to measure zero set, within a unit interval). Then the hypothesis implies that
there is another set F|, within an interval of length 1 to E", such that m(E;) = m(E;)
and f| B < —€ By continuing in this way we can find a sequence (E;),—; of disjoint
measurable sets with same (positive) measure such that f |‘ g+ > € forall n € N. This
violates the integrebility of f as

Jiri> [ r= Y emiEn e -
ne1 En

n=1

]

Problem 6. Let f € LP[0,1], p € (1,00), and F' be an indefinite integral of f. Show
that for each = € (0,1)

F h)—F
L Flath) — )

h—0+ hl/a
where ¢ is the conjugate exponent of p.

=0,
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Proof. We have F(x) = F(0)+ [ f for all z € [0,1]. Therefore for any = € [0,1],

Fla+h) = Fa)| _ . J7 1
hi/a ~ hoot  hl/a

— lim f[O,l} ’f| ) X[2:c,x+h]
oot ht/a

Holder .
< lim || fXpatnllpe (%)

h—0t

lim
h—0+

Let h = 1/n, n € N. For fixed z € [0,1], define the sequence (f;,)n=1 of L'[0,1] functions
by

Jen () == [fOF - Xzarrm(t)-
Thus fy, < |f|P for all n € N and f,,(t) — 0 for all t € [0,1]\{z} as n — oo. Since
the singletons have zero measure and f? € L'[0,1], the Lebesgue Dominated Convergence
Theorem tells fol fzm — 0 for all x € [0, 1]. This together with the squeeze theorem give us

h—0t

. . . 1 1/p
i (17l = 1 Pl = i ([ £) " =00 (o
n—oo n n—oo 0

By (%) and (%) we have the claim. O
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January 2022

Problem 1. Let f — [0,00) be a measurable function and define its distribution function
dg : [0.00) = [0, 00| defined by ds(t) = [{z € R: f(z) > t}|.

i. Prove or disprove the statement that the function dy is left continuous, that is to say

lim d(t) = dg(to), for each ¢ty > 0.
t Mto

ii. Prove or disprove the statement that the function d; is right continuous, that is to say

lim dy(t) = dy(to), for each ¢y < 0.
t\(to

Proof. i. Let to =1 and f(x) = xjo,1)(z). Then dy(to) = 0 # 1 = lim; ~, ds(t). So, d,
is not left continuous.

0,1)

ii. Let ¢ty > 0. We prove limy 4, ds(t) = dy(to). For t > ¢y, notice that

m(f ! (to,00)) = m(f " (to, t]) +m(f ' (t,00))  (¥)

Because [~ (to, t1] C [~ (to, t2] for any t; < to, limpy 4o m(f* (to, t]) exists (continuity
of Lebesgue measure). If it is 0, then we are done. If not, then there is M > 0
and N > o such that limpy g m(f " (to,t]) > M for all t € (ty, N). Let t € (to, N).
Because tg ¢ (to, t], there is a countable union of disjoint (can be de-generated) intervals
(Ix)2, in (o, t] such that m(f~1(I;)) > M for each k (let the enumeration begins from
right). This says m(f ' (to,t]) = co. Because ¢ is arbitrary, lim g, m(f~*(¢,00)) >
limy, oo D py m(Iy) > lim, oo nM = oco. Here | |,_, I C (t,N). So, limyy, df(t) =
0o. Then from (%), df(tg) = limp 4, df(t) = 00.

[

Problem 2. Let f: R — R be a Lipschitz function. Show the following.
i. if F C Ris an F, set then f(F) C Ris an F) set.
i. if I/ C R is a measurable set then f(F') C R is a measurable set.

Proof. i . Because R = J,.,[n,n+1], F C Ris an F, set if and only if it is a countable
union of compact sets. Since the continuous image of a compact set is compact and
f(AUB) = f(A) U f(B) for any sets (let’s say measurable) A, B C R, we have that
f(F)is an F, set if F' is an F,, set.

ii . Suppose F' C R be a measurable set. Then F' = FU(F\E) where E is an F, set and
m(F\E) = 0. Hence f(F) = f(E)Uf(F\E). So, if we can show m(f(F\FE)) = 0, then
by part (i) we have that F' is measurable. In-particular, if we can shoe m(f(A4)) <
m(A) for any measurable set A, then we are done. Because the semi-ring of bounded
intervals generates the collection of all Lebesgue measurable sets (and with the fact
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that singletons have measure zero), it is enough to show m(f([a,b])) < M(b — a) for
any closed interval [a,b]. Here M > 0 is the Lipschitz constant of f. In-fact

m(f([a,b])) < max f(z) — min f(z) = f(a) = f(B) < M(a—5) < M(b—a).

z€[a,b] z€la,b]

Here o, § € [a, b] are such that f(«) = maxgejqp f(2) and f(8) = mingepy f(2).
[

Problem 3. Let ¢ : R — R be a function. Show that the following are equivalent:
(*) for each measurable set E C R, the set ¢~ !(F) is measurable and |¢~'(E)| = |E|;

(**) for each measurable function f : R — R, the function fo¢ : R — R is measurable and

[roo=[1

Proof. (x = xx) Since ¢ is measurable by the hypothesis, f o ¢ is measurable. Because
f : R — R be measurable, there is a sequence (¢,)2; of simple functions which converges
pointwise to f on R with |¢,| < |f] for all n € N (if f > 0, choose (¢,)5; to be increas-
ing). Therefore if we can show the claim for any simple function, then we are done, as: If
f € L'(R), then use LDCT. If f ¢ L'(R), then at-least one of [, f_ or [ fi equals to co.
Then use the monotone convergence theorem to this f_ or f..

Let f(xz) = > ,-, axxr,(x) be a simple function. Then

[ so0=Y amlo B =Y am(B) = [ £
R k=1 k=1 R

(* < #x) Letting f be the identity we get ¢ : R — R is measurable. And for any
measurable set F, letting f = g, we get

m(¢~\(E)) = / f o et / f = m(E).

Problem 4. Let £ C R be a measurable set with 0 < |E| < co. Let f € L™(E).
i. Show that f € LP(E) for each p € [1,00)
ii. Show that ||f||, = ||f|lec as p — 0.

Proof. i. Let p € [1,00). Then ||f]|, < ||f]leo - m(E)Y? < 0o. Thus f € LP(E).
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ii. Because ||f||, < ||fl|q for any p < ¢, the limit L := lim, . || f||, exists in [0, co]. But

1/p 1
since f € L>(E), L € [0,00). Notice that ||f]|, = (fE|f\”> <m(E)?||f]|oo- Then

by taking the limit as p — oo we get L < ||f]|oo. To show the reverse inequality: for
n € N, define

Boi={r e B lflle(1- ) < /@) < 1 fll.

Then m(E,) > 0. (This is true as m(E) > 0 and || - || is the essential sup norm.
If it is just the sup norm, then the claim is false. For a counter example consider
f:10,1] — [0, 1] defined by f(z) =1if 2 = 1/2, and f(z) = 0 else). Then

= L= [ [ iz (1) me)

Hence L = lim, o || f|l, > lim, o0 || f||o - (1 - %) m(E)% = |fll - (1 - %) Since
this is true for any n € N, we get L > || f||~, and therefore the claim.
O]

Problem 5. Let f € L'(R). For each A > 0, put fy(x) = Af(Az). Show that fy € L}(R),
and that fy — fin L'(R) as A — 1.
Proof. Forn € N, we have [ |fal = [\, [fl < [Ifll1 < oo. Thisis true for any n € N,
fr € LY(R). Define gy := W Then g, > 0. By Lusin’s theorem, for any € > 0, we

can find a measurable set E. such that

1<€/27

(Z) ||f * XR\E.

(it). || fx - xm\£.|[1 < € for all close enough A to 1, and
(797). limy_,; g = |f| pointwise on E..

Thus by Fatou’s lemma,

|| fE.

1 <||fE.

1
1 — 5 limsup [|(fx — f)ell:-
2 A—1
Hence limy 1 ||(fx — f)£.|]1 = 0. This together with (ii) gives us
lim |[fx = f)ll <e
Because this is true for any € > 0, we have the claim. [

Problem 6. Assume f, — f and g, — ¢ in L*(R). Show that f,g, — fg in L}(R).
Proof. We have that

Minkowski

fngn = Falli = [(Fo = Pgn + (gn =) fll - < N[(fn = Hgnllt + 11(gn — 9) f11

Holder
< o= fllz - lgnll2 + lgn = gll2 - [ f]2-

Because g, — g in L*(R), g2 — ¢* in L'(R). Thus by letting n — oo in the above inequality
we get the claim as f,g € L*(R) . O
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August 2021

Problem 1. Let n € N and pq,p2, -+ ,ps € (1,00) be such that pil + p% + e+ 1% =1.If
fi € LP*(R), fo € LP2(R),-- - , f, € LP(R), then show that fifs--- f, € L'(R).

Proof. We prove by induction on n. The base case (when n = 2) follows from the Holder’s
inequality. Let k € N>, and suppose that the claim is true for all n = 2,--- k. That is; if
Lyl vl —Tand fy € LP(R), f € L?(R), -, fi € LP*(R), then fifo -+~ fi € L'(R).

Need to show if}%%—é—i—---%—é—i—lﬁ = 1and f; € LP*(R), fo € LP(R),---, f, €
LP5(R), frr1 € LP1(R), then fifo - fiferr € L'(R). Let ¢ = P22 Then pil +pi2 Tt

Pk+Pk+1

% = 1. This implies ¢ > 1. Thus if we can show fyfrr1 € L9(R), then we are done by the
induction hypothesis as it implies fifo- - (fufrs1) € L*(R). Notice that

fo € IMR) = f € LNR) = fI e L' (R).

Similarly
Pyl

frn € L (R) = fi* € L'R) = fi,, € L ¢ (R).
Since L + ~1 — 1, by the Holder’s iequality, ||£2£2,,ll < [1fllax + 1/l < .

Pk Pk+1 -

Hence fyfri1 € LY(R). O

Problem 2. Let A and B be Lebesgue measurable subsets of R, with A C B. Show that
m(A) = m(B) if and only if every subset C satisfying A C C' C B is Lebesgue measurable.

Proof. (=) Suppose m(A) = m(B). Then for any C' C R with A C C C B, there is a set
E C R, say, of Lebesgue measure zero such that C'= AU E. Hence C' is measurable.

(<) For contra-positive, assume m(A) < m(B). Then by Vitali’s theorem there is a non-
measurable set [ C B\A. Then C' := AU F is non-measurable with A C C C B. O

Problem 3.

(a). Prove that for every e > 0 there is an open subset of [0, 1], whose closure is [0, 1], and
whose Lebesgue measure is less than e.

(b). Prove that for every a € (0,1] there is an open subset of [0, 1], whose closure is [0, 1],
and whose Lebesgue measure is equal to a.

Proof. (a). If € > 1, then take (0, 1) to be the open set. If € € (0, 1], then take the set below

in part (b) when, for example, a = §.

(b). Let a € (0,1]. Consider the standard middle third Cantor set (let’s denote it by C’%).
Instead of removing middle thirds (the ratio of “length of a removed interval in stage
n+ 17 to "the length of the interval where it belonged as the middle third interval in
stage n” is 1 : 3), let’s remove the middle (££22). That is; the ratio of “length of a
removed interval in stage n+ 17 to “the length of the interval where it belonged as the
maddle (%)th interval in stage n” is 1 : 1+T2“ Let U, be the disjoint union of those
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removed open intervals in this process. Hence U, is open and clearly U, = [0, 1] as
[0, 1]\U, does not contain any open interval. And

nxcg)::j{:2n<1_f2a>n+1::a

n=0

Problem 4. Let f,g:[0,1] — R. Prove that

V(fg) <TV(f) sup |g(z)|+TV(g) sup |f(x)],

z€[0,1] z€[0,1]

where T'V is the total variation. Give examples where the inequality is strict, and where the
equality holds although none of the functions f, g is constant.
Proof. Let P={0=ay <a; < -+ < a,_1 < a, = 1} be a partition of [0,1]. Then
V(fg,P Z |f(ax)g(ar) = flar-1)g(ar1)]
ESji:\f(&k)—-f(akfl)Hg(akﬂ-+\g(ak)—-g(akfl)Hf(akflﬂ

< sup lg(z |2\fak fla)] + sup |f(x |Z|gak—gak )l

z€[0,1]
IV%P)MPM(H+V@P)NPU@M
z€[0,1] z€[0,1]
Then by taking the suprimum over all the partitions of [0, 1], we get the claim. O
. , 0 ifxelol) 1 ifzelod)
For the strict inequality: Let f(x) := "27and g(z) == 127
quality: Let f(z) {1 if 2 € [2,1] 9= 1, if 2 € [L,1]

Then fg = 0.

Thus TV(fg) = 0 and TV(f) sup,eio o) | + TV (9) sup,eqon |f(2) = 1-1+1-1=2

For the equality: let f(x) be as above and and let g be any function with TV ( g|[1 ) =
Then the both sides of the inequality becomes oo.

1 if 2
If need a finite equality: Let f(z) be as above and g(z) := 1 re [?’ ] . Then
0 if x € (5,1]

1 1f:1:—

fo(x) = 0 | . Thus TV (fg) = 2 (for the partition, for example, {0 < 5 < 1})
else

and TV (f) sup,epo ) [9(2)| + TV (9) supgepp ) [f (@) =1-1+1-1=2.
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Problem 5. Let (f,)5°, be a sequence of functions in L'([0,1]), satisfying

1
[0,1] n

for every n € N. Show that f,, converges to 0 pointwise a.e.

Proof. Let € > 0 be given. Then by the Chebychev’s inequality,

mfw e 0|l =) < =

€
[0,1] n

Thus Y7 m({z € [0,1] : [fu(z)] > €}) < 3075 < oo. Therefore by the Borel-
Cantelli lemma, for almost all x € [0,1] there is N € N such that for each n > N,
x ¢ {xel0,1]:|f.(x)| > €}. In other words: for almost all x € [0, 1] there is N € N such
that for each n > N, |f.(z)| < e. Hence the claim. O

Problem 6. Let f : [0,1] — R be a continuous function. Evaluate

1

lim na" ' f(x)dz.
n—- oo 0

Answer. For a fixed @ € R and k € N, we get lim,,_, fol na" laz®dr = a. Thus by
the linearity of the Lebesgue integral, lim,,_, fol nz" ! P(x)dr = P(1) for any polynomial
P(x) on [0,1]. Let f be a continuous function on [0,1]. By Weierstrass approximation
theorem, there is a sequence (P,,())$°_, of polynomial on [0, 1] such that P,, = f. Because
one of the limits is uniform, we can interchange the two limits. Thus

f(1)= lim P,(1)= lim <lim /Olnx”_le(x)dx>

m— 00 m—r o0 n— oo

1
= lim < lim /nx”lpm(x)dx)
0

n— 00 \ m—> o0
1

= lim lim na" 'P,(v)dx
n—- oo 0 m—-> o0

1

= lim nx" ' f(x)d.
n— oo 0

Note: We can not start with lim,_, « fol nz" ! f(z)dr as we still don’t know if the limit
exists.
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Winter 2021

1. Give an example of a measurable set £ C R of finite measure such that m(EN(E+r)) >
0 for every r € R (where E+r ={x+r:2 € E}).

Example 1.
> 1 > 1
n|:|1[—n — 5 U110 n|:|1[n,n + 50

Example 2. Let (¢,)nen an enumeration of Q. Then
G[Qn - i7Qn + i]
et 2n 2n

2. Let f, : [0,1] — [0,00) (n = 1,2,3,---) be measurable functions. Prove that there
exist numbers a, >0 (n = 1,2,3,--+) such that the series Y, a,, f,(x) converges for
almost every x € [0, 1].

Proof. Because f, is finite, lim;,_.., f, ' ((k,00)) = 0 for each n € N. Therefore for each

n € N, there is §(n) > 1, say, such that m(FE,) < 1/n?. Here E, := f,'((6(n),0)). Let
1

an = Soyam- Then the series Y | a,fn(x) diverges if and only if z belongs to infinitely
many E!s. That is z € (), En,. Borel-Cantelli lemma says the set consists with such
points has measure zero as Y - m(E,) <> > 1/n* < co. O

3. Let f € L'(R). Prove that for every measurable set £ C R of finite measure we have

t—00

lim /f(x—i—t) dr = 0.
E

Proof. Let € > 0 be given. Because f € L'(R) there is § > 0 such that for any ' C R with
m(F) < 0 we get [, |f| < 5. Because m(E) < oo, we can find an interval [—a, a], say, such
that fR\[_aﬂ] |f| < § and m(E\[—a,a]) < min{d, §}. Because Lebesgue measure is invariant
under translation, for all ¢t > 2a

€ € € €
|/Ef(x+t)|S/EV(QJH)'S/EQ[_Q,G] lf($+t)|+5:/(En[_a,a]m'f(x)Hﬁ<§+§:6'

]

4. Assume that for a function f : R — R and a constant C' € R, the total variation of
f on every compact interval is smaller than or equal to C. Prove that

év(wh) ~ f()| de < Clhl.
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Proof. Let h € R be given. Define g : R — [0, 00) by g(z) := | f(z + h) — f(z)|. Fori € N,

let a; := sup{i|hl, (i + 1)|h|}. Then fi&#”h' g(z) dx < |h| - g(a;). Thus for any n € N,

x) dr = x) dr < |h a;) = |h a; +h) — f(a;
/[n|h|,n|hn o) 2 /i|h|,(i+1)h]g( ) Bl D~ gla) = bl 3 1f(ai+h) = f(a)

i=—n [ i=—n i=—n

< [n[V(f,P) < |h|C.

Here P is a partition of [—n|h|, n|h|] which includes the points {a;,a; +h}?=' . Because

this is true for any n € N, we get the claim by the continuity of the Lebesgue integral. [

5. Let f € L>([0,1]). Prove that

lim [ f]lp = [[f]le-
p—>00

Proof. Because || f||, < ||fl|q for any p < ¢, the limit L := lim,,_, . || f||, exists in [0, co]. But

. ) 1/p 1/p
since f € ([0, 1]), L € [0,00). Notice that [|fll, = ( Sy l/P) " < (I17112) " = Il
So, L < ||f]|eo- To show the reverse inequality: for n € N, define

Ep = {x € [0,1] : [[f]loo(1 = %) < [f@)] < [ flleo}-

Then m(E,) > 0. Thus

Hsz - /[0,1] r= /En I7¢+ /[0,1]\En P = 1171l5 - (1 B %)p -m(Eh)

Hence L = lim, . ||f||, > ||f||oo(1 — %) Since this is true for any n € N, we get
L > ||f||s and therefore the claim. O

6. Give an example of a function f : [0,1] — R such that f € L?([0,1]) for every
p € [L,00), but f & L>([0,1]).

Consider the function f : [0, 1] — R defined by

22021 nX(Q%HVQ%] () if x € (0,1]
0 if x =0.

flz) =

Clearly it is unbounded and for any p > 1,

[e.9]

np
11l =3 o < o0

n=1

by, for example, root test. Hence f € LP(][0, 1]).
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Summer 2020

Pavel Bleher

Problem 1. Let E be the set of all real numbers = on the interval [0, 1] such that in the
decimal form of z = 0.717903 - -- the number 5 appears infinitely many times. Prove that
mE = 1.

Proof. Let F :={x € [0,1] : the decimal expansion of x has no 5}. Then

9 9

. 1 1 - 1 R,
Fei= [0, I\NF = =(5,6) U 7o !__(l)(z5,z6) U i|t|0(2]5,zj6) -
i#5 i35

(Here we write 5 as 4.9 to make F' compact)

Thus m(F°) = § > 2, (s5)" = 1. This says m(F) = 0. For n € NU {0}, define

F, := {x € [0,1] : the decimal expansion of z has no 5 after the n'" place}.
Then F, C 1= UL% " (i + F). Because the Lebesgue measure is invariant under translation,
we then get m(F,) = 0 and therefore m(|J, -, F,) = 0. Since E = [0,1]\(U,~, F»), we have
the claim. 0

Problem 2. Prove that if functions fi, fo are absolutely continuous on [0, 1], then the
function f(z) = max{e1® |fy(z)|} is absolutely continuous on [0, 1] as well.

Proof. Notice that e” is Lipschitz on [0, 1] (with a Lipschitz constant, for an example, e. To
see: the line y = x+e lies above the curve y = e® over [0, 1]. Or, the line y = ex lies above the
curve y = e*—1 over [0, 1].). Hence e/1®) € AC[0, 1]. By the reverse triangle inequality, |f2| €
AC[0,1]. This together with the fact |f(a) — f(b)| < |e1®) — @] 1 || f,(b)| — | f2(a)|| for
any a,b € [0, 1], we have f € AC|0, 1]. O
Problem 3. Prove that for any integrable function f on the interval [a, ],
b
lim f(z)sin(sin(nz)) dx = 0.

n—-aoo a

Proof. Because the collection of all step functions on [a,b] with rational values is dense

(under || - [|; norm) in L'([a, b]), and the linearity of the Lebesgue integral, it is enough to
show .
lim sin(sin(nz)) dz = 0 for any interval [p, q] C [a, b].
n—aoo P

By changing the variable, we get
q 1 [ 9
lim \/ sin(sin(nz)) dz| = lim —]/ sin(sin(z)) dz| < lim — =0.
P np

n—oo n—oo M n—oo N

Note: Over any interval, the area under the curve y = sinz is in between —2 and 2. O
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Problem 4. Prove that for any 1 < p < oo there is a constant C}, > 0 such that for any
integrable function f on [0, 1],

(L + [Pl < Cp(1+ [ f1]1)-

Proof. For a fixed p > 1, defined the function ¢, : [1,00) — 00 by ¢,(x) := (p + Inz)?.
Since ¢)(x) = =& (p+ Inz)P (1 +1nz) < 0 on [1,00), ¢, is concave. Let f € L'([0,1]).
Since 1+ |f| > 1, by the Jensen’s inequality for concave functions we get

/ ¢p0(1+!f!)§¢p(/ L+ 1)),
[0,1] [0,1]

Because
Hln<1+\fr>ups/{07”<p+1n<1+\fr>> :/M oy 0 (14 1)
and
%(/M 1+ 1f]) = (pﬂn(/m 1)) = (p+ I+ 1111
= (mer+11711)”
< [e(1+ [P,
we get the claim by letting C, = e?. [

Problem 5. Let f € L?[0,1] and m = [, f. Prove that

1 5 1
m? + </ |f(z) — m|dac> < / f*(z)dx.
0 0
Proof. Because f € L*0,1], f € L*[0,1]. Hence |m| < oo and

1 ) 1 . )
m” + (/ |f(fc)—m|d:c) §m2+/ (f—m)2=m2+/ f2—2m2—|—m2:/ 72
0 0 0 ;
The inequality is due to Jensen. 0

Problem 6. Let f € L'(R) be such that

ath b
/ f:/ L,V —oco<a<b< .

Prove that then f(x) = 0 almost everywhere on (—oo, 00).
Proof. We can assume f > 0. Suppose the set £ := f~!((0,00)) has a positive measure.
Then there is a > 0 such that M := [ f > 0. Then by the hypothesis ff’jf = 2M and

therefore by induction, for any n € N, f_(in_l)af = nM. Since M > 0, [, f = oo. This
contradicts the fact f is integrable. Hence m(FE) = 0. The general case follows by considering
f+ and f_ separately and |f| = f, + f_. O
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Winter 2020

Pavel Bleher

Problem 1. Let E be the set of real numbers z on the interval [0, 1] such that in the decimal
expansion form of x = 0.4145¢3 - - -, there is no 5, so that i # 5 for all k. Prove that

1. the set E is uncountable;
2. m(E) = 0, where m(FE) is the Lebesgue measure of E.

Proof. 1. The set {x € [0,1] : the decimal expansion of x consists with only 0 and 1} is
uncountable (by Cantor’s diagonal argument) and is a subset of E.

2. Notice that

9 9 9
1 1 . 1 .
0, 1\F = 1—0[5,6) L 102 |_|[z5,@6) L 105 |_| [i75,156) L |_| [ijk5,ijk6) LI
i3 37 Jis

Thus m([0,1\E) = § >, (35)" = 1 and therefore m(E) = 0.

Problem 2. Let E be the same set as in Problem 1. Calculate the fractal dimension of
E, defined as
d:= lim In N(k)

k—oo Ink

Y

where N (k) is the smallest number of intervals of length % covering /. Prove rigorously the
existence of the limit.

Answer. Since

9 9
1 1
0, 1\F = E[5,6) L 102 |_| [i5,16) I_J 108 |_| [i75,176) L |_| [ijk5,ijk6) LI
=0 t,5=0 zgk 0
i#5 ij#5 i1 kA5

for each n € N, E can be covered by 9" number of intervals of length 1/10™. For k& € NU{0},
let ny € N be such that 10™ < k < 10!, Then 9" = N(10™) < N(k) < N(10™+1) =

9+l Hence
ngIn9 < InN(k) _ (ng+1)In9

(ng+1)In10 = Ink ng In 10

and therefore by the squeeze theorem, d =

IA

In9
In10°

Problem 3. Let us enumerate all rational numbers on [0, 1], so that Q N [0,1] =
{ry,ra,73,- -+ }. Prove that for any a > —1, the series

o0

|z — rg|®

=)
k=1

is convergent for almost all = on [0, 1].
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Proof. For n € N, define f, : [0,1] — [0,00) by fu(z) == 1_, [2=re®  Then

k?

n |z — rg|® n | — 7]
foyin = [ (S EEY e =30 [ 2D,
0.1] 0.1] kZ: k? ; o1 K

_Z/ —(Tk _2$) da:+/ —(x_;k) dx
onl K pot] K

k=
B Z ( a+1 (1+ rk>a+1)
k2 a+1 a+1

1420+ 01
<1 N oM< (0.1)
a-+1 pet k2

Since M does not depend on n, it is a uniform bound of the sequence ( f[o 1 fn)22 . Because

(fn)e2, is an increasing sequence, the pointwise limit f(z) = lim, . fo(z) exists in R.
Then by the Monotone Convergence Theorem and (0.1), it exists almost everywhere in R.
In other words, the given series converges for almost every z € [0, 1]. O

Problem 4. Let f(z) be the function defined in Problem 3. Prove that for any a > 0,
f(z) is absolutely continuous on [0, 1].

Proof. Let f, be as in Problem 3. Notice that each f, is differentiable almost everywhere
on [0,1] (in fact, it is differentiable at all but finitely many points: ry,--- ,r,) and f!(z) =

Py (5(7%)%. Here §(ry) = 1 if @ > 1, and 0(r,) = —1 if x < rg. Notice that

fr(x)] < ador, ‘“2’2‘%1. Because « > 0, « — 1 > —1. So, by replacing o with o — 1 in
a—1

Problem 3 we see that the series g(z) 1= Y ;- d(r )%(— lim,, ., f!(x)) converges

absolutely for almost every x € [0, 1]. Hence

f(z)= lim f,(z)= hm Il / It dt

n——oo n—-
= lim f,(0)+ lim / fr(t) dt
n—-oo n—=oo 0
= £(0) +/ lim f/(t) dt, by general LDCT
0 n—o0
— 50+ [ (o) dt.
0

By comparison test, lim, o f,(0) = f(0).

This says f is an indefinite integral over [0, 1]. Hence f € AC([0, 1]). O

Problem 5. Prove that for any integrable function f on (—oo, 00),

lim [ cos(nx?) f(z) dx = 0.

n——oo R
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Proof. By the definition of Lebesgue integral of a non-negative function (we can assume f >
0. The general case follows by considering the positive and negative parts of f separately), if
we can show the claim for any non-negative bounded function of finite support, then we are
done. But any such a function can be approximated by (in this case by || -||1) step functions.
Therefore by the linearity of the Lebesgue integral, if we can show the claim for the case
f(x) =1 then we are done. In fact

: . cos(x
lim ’ cos(nz?) dx’ = lim ’
n—aoo R n——aoo

= lim —‘/cos:c dx‘
n—>oo\/_ R ( )

-

< — .
This implies lim,, fR cos(nz?) dx = 0, and therefore the claim. n

Problem 6. Let f(z) be an integrable function on (—o0, c0) and

fa(z) Zn/H” ft)dt, n=1,2,3,---

Prove that

lim/]fn — f(x)|dz = 0.

n—oo

Proof. e Proof 1 Let n € N. Notice that

[inorar= 3 [Fines b= (3 |fn<x+§>|) iz

LS o

k=—o00

:/()nn/R]ﬂdx:/R]ﬂdx.

[ fulls < ||f|l1, for all n € N. (0.2)

Thus

Let s(z) :== ¢, a;xn, (x) be a step function. Then

a:+% k k 1
Tl 7 — 3 Ilﬂ s —1).
s / z_:axj ;am( [x m+n})

Let x be a point in the interior of U ;I;. WLOG assume z € int(l;) = (p;,q;) for some
j € {1,---,k} and p;,¢; € R. Then there is N € N (for example take N such that
~ < min{z — p;, ¢; — «}) such that for each n > N, [z,2 + %] € I;. Hence for each n > N,
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sp(x) =a; =s(z). lf z ¢ Ule I;, then clearly s(z) = s,(x) = 0 for any n € N. And the set
of end-points of the intervals I;’s are finite. This says s, — s. That is (s, —s) =% 0. Then
by the Lebesgue Dominated Convergence Theorem we have the claim for any step function:

nli_)rgoHsn—sHl =0. (0.3)

Let f € L'(R). Let € > 0 be given. Then we can find s € step(R) such that || f—s||; < 5.
Then by (0.2) we have || f, — snll1 = [|(fa = su)[|1 < ||f — 5|l < 5. Thus

o = flle < H[fn = snlls + llsn = sl + [ls = Flle < llsn — ][ + €

Then by taking the limit as n — 0, we get lim,, . ||f» — f||1 = 0 as € > 0 is arbitrary.

e Proof 2 Define F : R — R by F(z) := [ f(t)dt. Because f € L'(—o0,00), this is
well-defined and absolutely continuous. Thus F'(x) = f(x) for almost every x e (—00,00).
Notice that

F(z+ 1) = F(x)

= fu(x), for n € N.

3|’—‘\_/

Thus lim,, e fn(z) = f(x) for almost every x € R. By Minkowski’s inequality and (0.2)
we have [|f, — flli < ||falli +11f]l1 < 2||f]li < co. Therefore by the Lebesgue Dominated

Convergence Theorem,
lim / | fr(z x)|dz = 0.
n—oo
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Summer 2019

Pavel Bleher

Problem 1. Let E C R, mE =0, and P(x) a real polynomial of degree d > 1. Let
S=P ' E)={ze€R: P(z) € E}.
Prove that mS = 0.

Proof. Let I C R be a bounded interval. Then P~!(I) consists with at-most d number of
disjoint bounded intervals. Notice that if I(I) goes to 0 (that is when I contracts to a point),
so does m(P~(I)). Otherwise there will be a point a such that P7'({a}) has an interval.
But that contradicts d > 1. Thus for a given € > 0, there is d(€) > 0 such that if (1) < d(e),
then m(P~!(I)) < € (basically because P is continuous and P’ is bounded on compact sets).
Because m(E) = 0, we can find a countable collection {/; . }scn of disjoint open intervals which
forms an open cover of E such that [(f;) < d(5). Then S = P7Y(E) ¢ P7Y (U2, L) =
L2, P~1(1;) and therefore m(S) < >, m(P~ (1)) < € (S is measurable as E and f are
measurable) Because this is true for any € > 0, m(S) = 0. O

Problem 2. Prove that the function

Z |tan nx)

is finite almost everywhere on the interval [0, 7].

1/2

Proof. 1If we can prove f € L'([0,]), then we are done. For k € N, define

Z |tan n)

1/2

Then

k k

T _ ™ |tan(nz)|? " | tan(z)|Y/?
/0 Ful) dx—Z/ de_z/o R
(i+1)m

< z /

(- |tan(nz)|"? < ‘

_1
2

dx

7T—ZU

_1
2

on [0, 7])
—2;22f—wz%
§2\/§Zﬁ::M<oo.

Since this is true for any k£ € N, by the Monotone Convergence Theorem, fo ) < M < 0.
O
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Problem 3. Prove that for any integrable function f on the line,

o

nh_)rglo f(z) [sin(nx)]" dz = 0.

Proof. e Proof 1. By the density of step(R) in L'(R) under || - ||; and the linearity of the
Lebesgue integral, it is enough to show the claim for the case when f € step(R). So let
f(x) = Xjap(z) for any interval [a,b]. By change of variables we get

nb

/ T e (@) - [sin(na)]" dz = 1/n / (sinz)" dx.

Let a, = 1—1/In(n+1). Then o, /1 and lim,,_, o' = 0. For n € N choose E,, C [na, nb]
so that ay, > sup{|sinz| : x € [na,nb]\E,} and fEn |sinz|” dx < a, < 1.

(Idea: Depending on n € N, choose a finite collection of disjoint intervals around the
points [na,nb] Nsin~ ' ({Z£1}) with above given properties).

Then

I 1 1
lim — |sinz|” de = lim (—/ |sinz|" dx + —/ | sin z|" dx)
nmeon =00 ATV J(na,nb)\ En nJe,

a

1 1
< lim (—-&Z-(nb—na)—l——&)

n—oo \ 1M n

= lim a),(b—a)
n—oo

=0.

e Proof 2. Instead of creating the sequence (F,),—; of sets as above, use the fact

m( o2, sin ! ({£1})/ n) = 0 and the Lebesgue Dominated Convergence Theorem on
[n(2) == X[ap () - sin™ (nzx). O
Problem 4. Let f > 0 be a measurable function on £ C R and mFE < co. Let

E,={xz € E: f(z) >n}.

Prove that f is integrable if and only if

(o)
Z mkE, < oco.
n=1

Proof. Notice that > >~ m(E,) =>"",n-m(E,\E,+1) and

> n-m(E\Eps) < Z/E

F<) (n41) - m(B\Enp). (0.4)

n\En+1
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Because m(FE) < oo,

o0

Z/En\EnH f < o0.

n=1

f is integrable iff f < oo iff
By

Then by the comparison tests (standard and limit comparison tests) and (0.4), we get the
claim. O

Problem 5. Let f be a measurable function on [0, 1] and
A={z€l0,1]: f(z) € Z}.

Prove that the set A is measurable and

1
lim / | cos(mf(x))|" de = mA.
0

n—00

Proof. Because A = | |, ., f~'({n}), it is measurable as countable union of measurable sets
is measurable.

1

lim | cos(mf(x))|" der = lim | cos(mf(x))|" dz + lim / | cos(m f(x))|" dx
n—oo A

=04 lim [ 1dz, " |cos(mf(x)xppa(z))|™ — 0 and by LDCT.
A

n—o0

=m(A).
[l

Problem 6. Let f,(x) = cos(nz) on [0,27]. Prove that there is no sub-sequence f,,
converging almost everywhere in [0, 27].

Proof. Let (fu,)ren be a sub-sequence of (f,)nen. For the sake of contradiction let’s as-

sume that it converges almost everywhere on [0, 27]. Then the sequence ((fn, — fn, +1)2)2‘;0

converges to 0 almost everywhere on [0, 27]. Therefore by LDCT,

2T 2

2
0= klgn (frr = frpn)” = klim <cos(nk:c) - cos(nkﬂa:)) dx = 2.
Hence the contradiction. O
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Winter 2019

Pavel Bleher

Problem 1. Let F' be a bounded, closed set on the line, and
F.= U[:c—e,a:+e], e > 0.
zeF
Prove that lim. ,o mF, = mF', where m is the Lebesgue measure.

Proof. Because F' = (,_; Fii, we have the claim by the continuity of Lebesgue measure
(and, if you want, the squeeze theorem). ]

Problem 2. Let E; C E5 C --- be an increasing sequence of Lebesgue measurable sets
on the line, such that the set £ = |J | E,, has a finite Lebesgue measure, mE < co. Prove
that for any set A C R (not necessarily measurable),

lim m*"(ANE,) =m"(ANE).

n—oo

Proof. Because £, N A C EN A for all n € N, we have
limsupm*(ANE,) <m*"(ANE).

n—0o0

On the other hand, because m* (AN E) < m(E\E,) + m* (AN E,), we have
m* (AN E) <liminf m*(AN E,).
n—o0

Thus
lim m*(ANE,) =m*(ANE).
n—oo
[
Problem 3. Let f € L'(—00,00). Find the limit,
00 s 02 n

lim f(x)(cosx—i— = x) dx,
n—oo J_ 2

and justify your answer.

Answer. Notice that 0 < (1 — cosz)? implies cosx + sin®z/2 < 1. Hence the maximum
value the function g(z) := |cosz + sin?x/2| can obtain is 1, and g~!({1}) is countable.
Because f € L'(—o00,00), f~!({oc}) has measure zero. Therefore the set F := g~ '({1}) U
f71({oc}) also has measure zero. Define the sequence (f,)n,—1 of measurable functions on

R by fu(x) = f(x)(cosa: + %) . Then it is integrable as |f,,| < |f], and f, — 0 for all
x € R\ E. Thus by the Lebesgue Dominated Convergence Theorem,
00 202

lim f(x)(cos:IH— S

n—oo J_ o

)ndZL':O.

Problem 4. Prove that for any integrable function f on the interval [a, 8],

i [0
n—oo [, 1+ sin®(nx)

f(z) dz = 0.
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Proof. Due to the separability of L'[a,b] by S8'[a,b] (the collection of all step functions on
[a, b] with rational values) under L'[a,b] norm, and the linearity of the Lebesgue integral, if
we can show the claim when f(x) = 1 on any sub-interval [p, ¢] C [a, ], then we are done.
In fact

tan~! (si q
lim —————— dr = lim an” (sin(nz)) < lim T_ 0.
n—oo J, 1+ sin (nx) n—00 n p  n—ooom

7 cos(nz)

0
Problem 5. Let E C [0, 1] be a measurable set such that there exists € > 0 such that
m(E Nla,b]) > €|b—al
for all [a,b] C [0, 1]. Prove that mFE = 1.

Proof. We show m(E€) = m([0,1]\E) = 0. For k > 1, choose collection {I,},-1 of open
disjoint intervals such that £ C | | _, I, and > _, m(l,) < m(E°) + ¢/k. Then

e m(L) <Y mENL) <m((| |L)\E) =" m(l,) —m(E) < %

This implies > _, m(l,) < 1/kforany k > 1. Thus ) _, m(l,) = 0. Because £ C | | _, I,,
m(E°) = 0. [
Problem 6. Prove that for any function f € L?[0, 1],
(T + DIz < 11220,

Proof. By Jensen’s inequality (on ¢(z) = x?),

L+ 17D < [ (a1 +17))” 05)

A fact:
For any = > 0, In(1 + z) < z. (0.6)
O

By combining (0.5) and (0.6), we get the claim.
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Summer 2018

Pavel Bleher

Problem 1. Let E be the set of real numbers z on the interval [0, 1] such that in the decimal
form of x = 0.iyisi3 - - - there is no string of four consecutive digits 2018. Prove that

1. the set E' is uncountable
2. mE =0, where mF is the Lebesgue measure of E.

Proof. 1. The set {x € [0,1] : the decimal expansion of x consists with only 3 and 4} is
uncountable (by Cantor’s diagonal argument), and is a subset of F.

2. Notice that

104—1 104—1
1 . .
0, 1\E = £7[2018,2019) U o | | [i2018,i2019) L T |_| 172018, 7j2019) L
z¢20018 z,gl‘;gools

Thus m([0, 1\E) = 5t So0, (1951)7 = 1, and therefore m(E) = 0.

104

Problem 2. Prove that the function
71|1/2

z'x

is absolutely continuous on [0, 1].

71| /2

Proof. Because |x—1/n| < 1for any x € [0, 1], the series >~ | w"n—
for all z € [0,1]. Thus for any a,b € [0, 1], a < b we have

£ |_‘Z|b—n Z]a—n

Here M =", # Thus f is Lipschitz and therefore absolutely continuous. O

converges absolutely

-1 1/2 1/2

‘_ 2713/2_M(b—a).

Problem 3. Prove that for any integrable function f on the interval [a, b],

lim :f< ) sin(n / I

Proof. We have that
3 — 4 cos(2nz) + cos(4nx)
3 :

sin(nx) =

Thus if we can show that ,

lim f(z) cos(knx)dx = 0,

n—oo
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for any f € L'[a,b] and any constant k € R, then we are done. Because S[a,b] - the
collection of all step functions on [a,b], is dense in L'[a,b] under L'[a,b] norm, and the
Lebesgue integral is linear, if we can show that
q
lim cos(nz)dx = 0 for any p,q € R, p < g,

n—00
p

then we are done. In fact

q
lim }/ cos(nx)da: lim —‘/ cos xdx| < hm —=0.
n— oo » n—oo M, n—oo N

Problem 4. Let f € L?(—o00,00). Prove that

oo

ILm flz)f(x+n)dz = 0.

Proof. Because fR x)dr = fR x + n)dzx for any n € N, from Holder’s inequality we have

/le(w)f(w+n)}dﬂf < f@)ll2 - [1f (@ +n)ll2 = [[f ()] < co.

Thus f(z)f(z +n) € L'(—o0,00) for all n € N. Therefore if we can show
N
lim f(@)f(x +n)de =0 for any N € N,
n—oo | _ N
then we are done.
And if we can show this claim for any simple function on [N, N], then we are done by
the simple approximation theorem. Let ¢(z) = Y2  a;xg,(x) where E; C [=N, N] for all
i=1,---k Then p(z 4+ n) = 3.7 a;xg_n(z). Hence

o(x)p(z +n)d a;a;m(E; N (E; —n)).
Lo - Y o

i=1,7=1

Because each E; is bounded, for large enough n (say n > 2N) we have that E;N(E; —n) = ()
for all 4,5 € {1,---k}. Thus

lim o(x)p(r +n)dr = 0.

Problem 5. Let f € L?[0, 7] and

Prove that ||g||2 < 2||f]]s-
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Proof. Let 6 € [0,7/2] be such that 6* = sin?#. Then simple calculations show that 7/4 <
0 < /3. So, x3 < sin?x on [0,0) and sin®z < 2% on (#,7/2]. Hence

T dx ™2 dr
/ —— = 2/ —e Y= 1/sin%® z is symmetric around z = 7/2
0 0 sSinw

O dx ™2
SQ( 0 W+/9 sm“x)
< 2<[x0.1}g+ W/2Og99> < 2(00'1 + 7r_/4> < 2((#/3)0'1 i (W/4)o.1) <2(2+2)

sin”: §o-9

< 8. (0.7)

This says that sin®?2 € L3[0,7]. Then by (generalized) Holder’s inequality we have

f(x)? 1/2 / dr \1/6 1/e
- d < - < ]1/6 9 .
||gH2 <4)77r] Sin0'2(l‘) 33) = ||f‘|3< 0] Sin0‘6$> = HfH3 Hf”3

]

Problem 6. Let f(x) be an integrable function on (—oo,00) and n > 1 an integer.
Define

z+%
falw) =n [ sy
Prove that ||f.||l1 < ||f||1-

Proof. e Proof 1. By Tonelli,

170 < [ [ 10O Xpwsgitds = [ 0 [ 15O eyt = [ alsOL = 1711

e Proof 2.

= (15 = 3 [Fne |dx—/ (3 e+ 5)) @

k=—o00 k=—o00

/Z/ |dt

= [l o = sl
0
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