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January 2025

Throughout the exam, λ denotes the Lebesgue measure on (R,L).

Problem 1. Show that the set of all real numbers that have decimal expansion with the
digit 5 appearing infinitely often is a Borel set.

Proof. Because the collection of all Borel sets is a σ-algebra, it is closed under taking com-
plements, we will show that the set of all real numbers that have decimal expansion with
digit 5 appearing finitely many often is a Borel set.

Furthermore, since a σ-algebra is closed under taking countable unions,

and R =
⋃
n∈Z

[n, n + 1], and [n, n + 1] = n + [0, 1] for any n ∈ Z, we will show that the

set of all numbers in the interval [0, 1] that have decimal expansion with digit 5 appearing
finitely many often is a Borel set.

For k ∈ N0, define

Bk := {x ∈ [0, 1] : decimal expansion of x has exactly k number of 5’s}.

Then,

B1 =
5 + B0

10
∪

9⋃
a1=0
a1 ̸=5

a15 + B0

102
∪

9⋃
a1,a2=0
a1,a2 ̸=5

a1a25 + B0

103
∪

9⋃
a1,a2,a3=0
a1,a2,a3 ̸=5

a1a2a35 + B0

104
∪ · · ·

B2 =
5 + B1

10
∪

9⋃
a1=0
a1 ̸=5

a15 + B1

102
∪

9⋃
a1,a2=0
a1,a2 ̸=5

a1a25 + B1

103
∪

9⋃
a1,a2,a3=0
a1,a2,a3 ̸=5

a1a2a35 + B1

104
∪ · · ·

B3 =
5 + B2

10
∪

9⋃
a1=0
a1 ̸=5

a15 + B2

102
∪

9⋃
a1,a2=0
a1,a2 ̸=5

a1a25 + B2

103
∪

9⋃
a1,a2,a3=0
a1,a2,a3 ̸=5

a1a2a35 + B2

104
∪ · · ·

·
·
·

Here by a1a2, for example, we mean the two digits a1 and a2 of the number a1a2; not the
multiplication a1 × a2.

Thus, it suffices to show that B0 is Borel. Let

2



I0 = [0, 1]

I1 = I0\[0.5, 0.6) =
9⋃

m=0
m̸=5

m + I0
10

I2 =
9⋃

m=0
m ̸=5

m + I1
10

·
·
·

In+1 =
9⋃

m=0
m ̸=5

m + In
10

·
·
·

Then, B0 =
∞⋂
n=0

In. Thus, B0 is Borel. This completes the proof.

Problem 2. Suppose (X,S, µ) is a measure space and h ∈ L1(µ). Prove for any c > 0 that

µ ({x ∈ X : |h(x)| ≥ c}) ≤ 1

c
||h||1.

Proof. Let c > 0. Then, X = A ⊔B where

A := {x ∈ X : |h(x)| < c} and B := {x ∈ X : |h(x)| ≥ c}.

Thus,

||h||1 = ||h|A||1 + ||h|B||1 ≥ ||h|B||1 =

∫
B

|h| dµ ≥
∫
B

c dµ = c · µ(B).

Therefore, µ(B) ≤ 1

c
||h||1.

Problem 3. Prove the existence of the limit

lim
n→∞

∫
R

1

1 + x2
· enx

1 + enx
dλ(x)

and compute it.
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Proof. For n ∈ N, define fn : R → R by fn(x) :=
1

1 + x2
· enx

1 + enx
. Let f : R → R be

defined by f(x) :=
1

1 + x2
. Then, fn ↗ f . Furthermore, we have the improper integral∫

R

1

1 + x2
dλ(x) = π. Therefore, by the Lebesgue Dominated Convergence Theorem,

lim
n→∞

∫
R

1

1 + x2
· enx

1 + enx
dλ(x) = π.

Problem 4. A sequence of measurable functions fn : [0, 1] → [−∞,∞] is said to converge
in measure to a measurable function f : [0, 1] → [−∞,∞] if

for any δ > 0, lim
n→∞

λ{x ∈ [0, 1] : |(fn − f)(x)| > δ} = 0.

Suppose that for each n ∈ Z+ we have fn ∈ L1([0, 1]) and also that f ∈ L1([0, 1]). If
fn → f in measure, does it imply that

lim
n→∞

∫
[0,1]

fn dλ =

∫
[0,1]

f dλ?

Either prove it or give an explicit counterexample.

Answer. Let fn := nχ[0, 1n ] and f ≡ 0. Notice that

{x ∈ [0, 1] : |(fn − f)(x)| > δ} =
{
x ∈ [0, 1] : nχ[0, 1n ] > δ

}
⊆

[
0,

1

n

]
for large enough n.

Thus,

µ ({x ∈ [0, 1] : |(fn − f)(x)| > δ}) =
1

n
→ 0.

This implies, fn
µ−→ f ≡ 0.

But ∫
[0,1]

fn dµ = n

∫
[0,1]

χ[0, 1n ] dµ = n · 1

n
= 1 ↛ 0 =

∫
[0,1]

f dµ.

Problem 5. Let C([0, 1]) denote the vector space of all continuous functions f : [0, 1] → R
with the operations of addition and scalar multiplication done pointwise. Prove that C([0, 1])

with the norm defined by

∫ 1

0

|f | is not a Banach space.

Proof. Define the sequence (fn)∞n=1 of functions by fn(x) := nxχ[0, 1
n
](x) + χ[ 1

n
,1](x). That is:

fn(x) =

{
nx, if 0 ≤ x ≤ 1

n
,

1, if 1
n
< x ≤ 1.
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Also, define the function f : [0, 1] → [0, 1] by

f(x) =

{
0, if x = 0,

1, if 0 < x ≤ 1.

Then, ∫ 1

0

fn dµ =

∫ 1
n

0

nx dµ +

∫ 1

1
n

1 dµ =
1

2n
+ 1 − 1

n
→ 1 =

∫ 1

0

f dµ.

But f /∈ C([0, 1]) even though fn ∈ C([0, 1]) for all n ∈ N.

Problem 6. Let L1(R) denote the Lebesgue measurable functions f : R → R such that

||f ||1 :=

∫
|f | dλ < ∞. Ignoring that there exist non-zero functions f ∈ L1(R) with

||f ||1 = 0, let us consider
(
L1(R), || · ||1

)
as a normed linear space.

(a). Show for Lebesgue almost every x ∈ R that∫
f(x− y)e−y2 dλ(y)

is a finite number.

(b). Define a new function Af : R → [−∞,∞] by Af(x) =

∫
f(x − y)e−y2 dλ(y). Prove

that Af ∈ L1(R).

(c). Show that A defines a bounded linear transformation A : L1(R) → L1(R) and show
that ||A|| ≤

√
π.

Proof. (a). By change of variables we get∣∣∣∣∫ f(x− y)e−y2 dλ(y)

∣∣∣∣ =

∣∣∣∣∫ f(y)e−(x−y)2 dµ(y)

∣∣∣∣
≤

∫
|f(y) dµ(y)| , ∵ |e−(x−y)2| ≤ 1

< ∞.

Thus, the given integral is finite for almost every x ∈ R.
Note. The almost every part comes from the fact:
“f ∈ L1(R) ⇒ f(x) < ∞ for almost every x ∈ R”.
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(b). ∫
|Af | dλ(x) =

∫ ∣∣∣∣∫ f(x− y)e−y2 dλ(y)

∣∣∣∣ dλ(x)

<

∫ ∫ ∣∣∣f(x− y)e−y2
∣∣∣ dλ(y) dλ(x)

=

∫ ∫
|f(x− y)| · e−y2 dλ(y) dλ(x)

=

∫ ∫
|f(x− y)| · e−y2 dλ(x) dλ(y), by part (a) and Tonelli’s Theorem

=

∫
e−y2

[∫
|f(x− y)| dλ(x)

]
dλ(y)

=

∫
e−y2||f ||1 dλ(y)

= ||f ||1
∫

e−y2 dλ(y)

= ||f ||1
√
π.

Note. To see why

∫
e−y2 dλ(y) =

√
π.

Let I :=

∫
e−y2 dλ(y). Then

I2 =

(∫
e−y2 dλ(y)

)
×
(∫

e−x2

dλ(x)

)
=

∫ ∫
e−(x2+y2) dλ(y) dλ(x)

=

∫ 2π

0

∫ ∞

0

e−r2r dr dθ, where r2 = x2 + y2, tan θ =
y

x
.

=

∫ 2π

0

[
e−r2

2

]0

∞

dθ =
1

2

∫ 2π

0

dθ

= π.

Thus, I =
√
π.

(c). For f, g ∈ L1(R) and K ∈ R we have

A(f + Kg) =

∫
[f(x− y) + Kg(x− y)] e−y2 dλ(y)

=

∫
f(x− y)e−y2 dλ(y) + K

∫
g(x− y)e−y2 dλ(y), ∵ integration is linear

Thus, A is linear. From part (b) we have ||Af || ≤
√
π||f ||1 for any f ∈ L1(R). Thus,

||A|| ≤
√
π.
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January 2024

Below m∗() and m(·) are the outer Lebesgue and Lebesgue measures on the real line.

Problem 1. Let {En}n be pairwise disjoint measurable sets, E = ∪nEn, and A be any
set. Show that

m∗(E ∩ A) =
∑
n

m∗(En ∩ A).

Proof. By the countable sub-additivity,

m∗(E ∩ A) ≤
∑
n

m∗(En ∩ A).

Thus if we can show the opposite inequality, then we are done. Because E1 is measurable,
by the definition of measurability and the pairwise disjointness of {En}n=1 we get

m∗(E ∩ A) = m∗(E1 ∩ A) + m∗
( ⊔

n=2

(En ∩ A)
)
.

This implies for any N ∈ N,

m∗(E ∩ A) =
N∑

n=1

m∗(En ∩ A) + m∗
( ⊔

n=N+1

(En ∩ A)
)
.

Therefore for any N ∈ N,

m∗(E ∩ A) ≥
N∑

n=1

m∗(En ∩ A).

Then by taking the limit as N → ∞ we get

m∗(E ∩ A) ≥
∑
n=1

m∗(En ∩ A).

This completes the proof.

Problem 2. Let f be a continuous function on [0, 1]. Show that there exists a measurable
subset E ⊂ [0, 1] such that f(E) is not measurable if and only if there exists A ⊂ [0, 1] such
that m(A) = 0 and m∗(f(A)) > 0.

Proof. (⇒). Suppose there is a measurable set E ⊂ [0, 1] such that f(E) is not measurable.
Then E = G ∩ A where G is a Gδ set and A is a measurable set such that Ac is a null
set. Because the continuous image of a Gδ set is measurable, we must then have f(A) is
non-measurable. Hence m∗(f(A)) > 0 as every null set is measurable.

(⇐) Suppose there exists A ⊂ [0, 1] such that m(A) = 0 and m∗(f(A)) > 0. Then by
Vitali’s theorem there is F ⊂ f(A) such that F is non-measurable. Let E = A ∩ f−1(F ).
Then E is measurable as m(E) = 0 and f(E) = F is non-measurable.
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Problem 3. Let {fn}n be a sequence of measurable functions on E, m(E) < ∞. Assume
that for every x ∈ E there exists a constant Mx such that |fn(x)| ≤ Mx for all n. Show that
for every ϵ > 0 there exists a closed set Fϵ ⊆ E and a constant Mϵ such that |fn(x)| ≤ Mϵ,
for all n and x ∈ Fϵ, and m(E\Fϵ) < ϵ.

Proof. Let ϵ > 0 be given. Because m(E) < ∞, we can find Nϵ ∈ N such that m(E\[−Nϵ, Nϵ]) <
ϵ/2. Let F := E ∩ [−Nϵ, Nϵ]. Then by Lusin’s theorem we can find a decreasing sequence
(Fn)n=1 of compact subsets of F such that for each n ∈ N, fn is continuous on Fn and
m(F\Fn) ≤ ϵ

∑n
k=1 1/2k+1. Let Fϵ =

⋂
n=1 Fn. Then m(E\Fϵ) ≤ ϵ/2 + ϵ

∑
k=1 1/2k+1 =

ϵ/2 + ϵ/2 = ϵ.

It remains to show that there is a uniform constant Mϵ such that |fn(x)| ≤ Mϵ, for all
n and x ∈ Fϵ. For a contradiction let’s assume that it is not the case. Then the decreasing
sequence (Aj)j=1 of compact sets defined by

Aj := {x ∈ Fϵ : |fnj
(x)| ≥ j for some nj ∈ N}

has non-empty intersection by the Cantor’s intersection theorem. Then for any x0 ∈
⋂

j=1 Aj,
we have Mx0 ≥ |fnj

(x0)| ≥ j for all j ∈ N. This implies Mx0 = ∞. Contradiction.

Problem 4. Let {fn}n be sequence of functions on [0, 1] whose total variations are
uniformly bounded. If fn → f pointwise on [0, 1] as n → ∞, show that f is a function of
bounded variation. Will the conclusion remain true if we simply assume that each fn is a
function of bounded variation? (justify your answer)

Proof. Let 0 < ϵ < 1 be given. Let P := {0 = x0, x1 · · ·xm−1 = 1} be a partition of
[0, 1]. Then for each j ∈ {0, · · ·m − 1}, there is fnj

such that |fnj
(xj) − f(xj)| < ϵ

2m
. Let

M ≥ max{nj : j = 0, · · · ,m− 1}. Then |fM(xj)− f(xj)| < ϵ
2m

for all j = 0, · · · ,m− 1. Let
K > 0 be a uniform bound such that TV (fn) < K for all n ∈ N. Then

V (f,P) =
m−1∑
j=1

|f(xj) − f(xj−1)|

≤
m−1∑
j=1

|f(xj) − fM(xj)| +
m−1∑
j=1

|fM(xj) − fM(xj−1)| +
m−1∑
j=1

|fM(xj−1) − f(xj−1)|

≤ ϵ/2 + K + ϵ/2 = ϵ + K < 1 + K.

Hence f ∈ FBV ([0, 1]).

For the second part: No. Let f be any (almost everywhere) continuous function on [0, 1]
which is not of bounded variation. By Weierstrass polynomial approximation theorem, there
is a sequence (Pn)n=1 of polynomial functions on [0, 1] that converges uniformly to f . But
each Pn is of bounded variation as any polynomial on a compact interval is Lipschitz.
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Problem 5. Let {fn}n be sequence of measurable functions on a measurable set E that
converges almost everywhere on E to an integrable function f . Show that∫

E

|fn − f | → 0 if and only if

∫
E

|fn| →
∫
E

|f |

(both limits taking place as n → ∞).

Proof. (⇒). Because
∣∣|fn| − |f |

∣∣ ≤ |fn − f |, we have∫
E

|f | −
∫
E

|fn − f | ≤
∫
E

fn ≤
∫
E

|f | +

∫
E

|fn − f |.

Then by taking the limit we get

lim
n→∞

∫
E

|fn| =

∫
E

|f |.

Note: By the second inequality and the hypothesis we have that for all but finitely many
n ∈ N, fn ∈ L1([0, 1]).

(⇐). Notice that |fn − f | → 0, and
∫
E
|fn − f | ≤

∫
E
|fn| +

∫
E
|f | < ∞ for all but finitely

many n ∈ N (∵
∫
E
|fn| →

∫
E
|f |). Then by the General Lebesgue Dominated Convergence

Theorem we get the claim
∫
E
|fn − f | → 0.

Problem 6. Let f ∈ Lp[0, 1] for some p > 1. Show that f ∈ L1[0, 1] and that for any
c ∈ (0, ||f ||1) it holds that

m({x ∈ [0, 1] : |f(x)| > c}) ≥
( ||f ||1 − c

||f ||p

)q

,

where q is the conjugate exponent of p.

Proof. Let E1 := {x ∈ [0, 1] : |f(x)| > 1}. Then

||f ||1 ≤
∫
E1

|f | +

∫
[0,1]\E1

|f | ≤ ||f ||p + 1 < ∞.

Thus f ∈ L1[0, 1].

If ||f ||p = 0, then f
a.e
= 0. Thus we have the claim vacuously as such a 0 < c <

0 does not exist. So, suppose ||f ||p ̸= 0. Because c ∈ (0, ||f ||1), ||f ||1 − c > 0. Let
Ec := {x ∈ [0, 1] : |f(x)| > c}. Then

||f ||1 ≤ c +

∫
[0,1]

|f | · χEc ≤ c + ||f ||p ·m(Ec)
1/q.

Hence

m(Ec) ≥
( ||f ||1 − c

||f ||p

)q

.
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August 2023

In what follows, m() is the Lebesgue measure on the real line and E is measurable.

Problem 1. Let E be a measurable set for which there exists δ ∈ (0, 1) such that
m(E ∩ I) > δm(I) for any interval I ⊂ (−∞,∞). Show that m((−∞,∞)\E) = 0.

Proof. Let F ⊂ (−∞,∞)\E be such that m(F ) < ∞. Then for any ϵ > 0, there is a count-
able collection {In}n=1 of disjoint open intervals such that

⊔
n=1 In ⊃ F and

∑
n=1 m(In) <

m(F ) + δϵ. Hence

δ
∑
n=1

m(In) < m(E ∩
⊔
n=1

In) < m(
( ⊔

n=1

In

)
\F ) =

∑
n=1

m(In) −m(F ) = δϵ.

Because ϵ > 0 is arbitrary, this implies
∑

n=1m(In) = 0. Hence m(F ) = 0 as F ⊂
⊔

n=1 In.
Because F is arbitrary, and any measurable set with infinite measure always have a measur-
able subset with finite measure, we have the claim.

Problem 2. A sequence of measurable functions fn on E converges to a measurable
function f in measure on E if limn→∞ m{x : |(fn − f)(x)| > δ} = 0 for any δ > 0. Show
that

(a) almost everywhere convergence implies convergence in measure if m(E) < ∞;

(b) almost everywhere convergence does not imply in general convergence in measure if
m(E) = ∞;

(c) converge in measure does not imply in general almost everywhere convergence even if
m(E) < ∞.

Proof. (a) Suppose fn
a.e→ f on E. Let ϵ > 0. Then by Egoroff’s theorem, there is closed

F ⊂ E such that fn ⇒ f on F and m(E\F ) < ϵ. Therefore for any δ > 0, we have

m{x ∈ E : |(fn − f)(x)| > δ} = m{x ∈ F : |(fn − f)(x)| > δ}+

m{x ∈ E\F : |(fn − f)(x)| > δ}
≤ m{x ∈ F : |(fn − f)(x)| > δ} + ϵ.

Because ϵ > 0 is arbitrary and limn→∞m{x ∈ F : |(fn − f)(x)| > δ} = 0, we have the
claim.

(b) Let E = [0,∞) and define the sequence of measurable functions (fn)n=1 on E by
fn = χ[n,∞). Thus for any x ∈ E, fn(x) → 0. But, for example,

lim
n→∞

m{x : |(fn − 0)(x)| > 1/2} = lim
n→∞

m([n,∞)) = ∞.

(c) Define a collection {Ek,m}0≤k≤m−1, m=1 of intervals of [0, 1] by Ek,m := [k/m, (k+1)/m].
Define the sequence (fn)n=0 of measurable functions on [0, 1] by fn = χEk,m

where
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n = m(m− 1)/2 + k, n ∈ N, 0 ≤ k ≤ m− 1. In other words, (fn)n=1 are the indicator
functions of the sequence of sets:(

[0, 1], [0,
1

2
], [

1

2
, 1], [0,

1

3
], [

1

3
,
2

3
], [

2

3
, 1], · · ·

)
.

Then for any x ∈ [0, 1], we can find sub sequences (fni
)i=1 and (fnj

)j=1, say, such that
fni

(x) = 0 and fnj
(x) = 1 (simply by choosing k,m so that x /∈ Ek,m and x ∈ Ek,m

respectively). Thus (fn)n=1 does not converge point-wise anywhere in [0, 1]. But for
any 0 < δ < 1 we have

m
(
{x ∈ [0, 1] : fn(x) > δ}

)
= m(Ek,m) = 1/m < 1/

√
n,

and for any δ ≥ 1 we have m
(
{x ∈ [0, 1] : fn(x) > δ}

)
= 0. Thus (fn)n=1 converges to

f ≡ 0 in measure on [0, 1].

See the following Problem 3 for a slightly different example.

Problem 3. Show that if functions fn are non-negative and measurable on E and∫
E
fn ≤ 1/n2 , then fn → 0 almost everywhere on E. Will the claim remain true if 1/n2 is

replaced by 1/n?

Proof. (See Problem 5 of August 2021 for a different proof)

Let F := {x ∈ E : fn(x) ↛ 0}. Then

F =
∞⋃
k=1

∞⋂
N=1

∞⋃
n=N

{x ∈ E : fn(x) > 1/k}.

With the Chebychev’s inequality and the continuity of the Lebesgue measure we have

m(F ) = m
( ∞⋃
k=1

∞⋂
N=1

∞⋃
n=N

{x ∈ E : fn(x) > 1/k}
)

≤
∞∑
k=1

lim
N→∞

m
( ∞⋃
n=N

{x ∈ E : fn(x) > 1/k}
)

≤
∞∑
k=1

lim
N→∞

∞∑
n=N

m
(
{x ∈ E : fn(x) > 1/k}

)
≤

∞∑
k=1

lim
N→∞

∞∑
n=N

k

∫
E

fn ≤
∞∑
k=1

lim
N→∞

∞∑
n=N

k

n2
= 0.
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No. We can inductively construct a sequence (an)n=0 of numbers in [0, 1] with following
properties:

i. a0 = 0 and for any n ∈ N, an ̸= an+1.

ii. For n ∈ N, if an + 1/n ≤ 1, then let an+1 := an + 1/n.

iii. For n ∈ N, if an < 1 and an + 1/n > 1, then let an+1 = 1 and an+2 = 0.

So the sequence has infinite number of finite strings of consecutive terms starting from 0
and ending at 1, again and again. This is possible as

∑
n=1 1/n = ∞ implies for any k ∈ N,

there is K ∈ N such that
∑K

n=k 1/n ≥ 1 = m([0, 1]).

Then we can define a sequence In := [bn, bn+1] of closed sub-intervals of [0, 1] where
bn = an+Kn for some Kn ∈ N such that bn+1 − bn ≤ 1/n, and for any n ∈ N, there exist
Mn ≤ n < Nn such that [0, 1] =

⋃Nn

n=Mn
In. Here are the first few intervals of such a sequence:

[0, 1],[
0,

1

2

]
,
[1

2
,
5

6

]
,
[5

6
, 1
]

[
0,

1

5

]
,
[1

5
,
11

30

]
,
[11

30
,
107

210

]
, · · ·

Therefore for any x ∈ [0, 1], we can find two sub-sequences (Ini
)i=1 and (Inj

)j=1 such that
x ∈ Ini

for all i ∈ N and x /∈ Inj
for all j ∈ N. Hence the sequence (fn)n=1 of functions on

[0, 1] defined by fn := χIn does not converge pointwise anywhere in [0, 1]. But∫
[0,1]

|fn| = m(In) ≤ 1

n
.

Problem 4. Let f be an integrable function on a bounded measurable set E. Find
limp→0+

∫
E
|f |p.

Answer. We prove

lim
p→0+

∫
E

|f |p = m(E\E∗).

Here E∗ := f−1({0,∞}).

Let E1 := {x ∈ E : 0 < |f(x)| ≤ 1} and E2 := {x ∈ E : ∞ > |f | > 1}. Then for all
0 < p < 1, |fχE1|p ≤ 1, and limp→0+ |fχE2(x)|p = 1. Because f ∈ L1(E), m(f−1({∞})) = 0.
Thus by the Lebesgue Dominated Convergence Theorem,

lim
p→0+

∫
E

|f |p = lim
p→0+

∫
E1

|f |p + lim
p→0+

∫
E2

|f |p = m(E1) + m(E2) = m(E\E∗).

Q: What if E is an unbounded measurable set with finite measure?
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An idea: E =
⋃∞

n=1En, where En := E ∩ [n, n + 1].

Problem 5. Let E ⊂ [0, 1] be a Borel set such that 0 < m(E ∩ I) < m(I) for any
subinterval of [0, 1]. Show that f(x) = m([0, x] ∩ E) −m([0, x]\E) is absolutely continuous
on [0, 1] but it is not monotone on any subinterval of [0, 1].

Proof. Because f(x) =
∫ x

0
(χE−χEc), an indefinite integral, f ∈ AC[0, 1] by the fundamental

theorem of Lebesgue integral calculus.

For the second part:

• Proof 1: The hypothesis “0 < m(E ∩ I) < m(I) for any subinterval of [0, 1]” says
E is dense in [0, 1], and does not contain any intervals (hence totally disconnected). This,
together with the fact “f ′(x) = χE−χEc for almost every x ∈ [0, 1]”, imply that for any sub-
interval J ⊂ [0, 1], there exist points a, b ∈ J such that f ′(a) = 1 > 0 and f ′(b) = −1 < 0.
Thus f can not be monotone on J .

• Proof 2. Notice that, because any Borel set is Lebesgue measurable,

f(x) = 2m([0, x] ∩ E) − x.

Case 1: Suppose there is an interval J on which f is monotonically decreasing. Then for
any x1, x2 ∈ J , x1 < x2 we have f(x1)−f(x2) ≥ 0. Which implies (x2 − x1)/m([x1, x2] ∩ E) ≥ 2.
For any given ϵ > 0, choose {Ik}k=1, Ik ⊂ J so that

⊔
k=1 Ik ⊃ E ∩ J and

∑
k=1m(Ik) <

m(E ∩ J) + ϵ. Then

m(E∩J)+ϵ >
∑
k=1

m(Ik) =
∑
k=1

m(Ik)

m(Ik ∩ E ∩ J)
m(Ik∩E∩J) ≥ 2

∑
k=1

m(Ik∩E∩J) = 2m(E∩J).

Because ϵ > 0 is arbitrary, this implies m(E ∩ J) = 0. Contradiction.

Case 2: Suppose there is an interval J on which f is strictly increasing. Then for any
x1, x2 ∈ J , x1 < x2 we have f(x2)−f(x1) > 0. Which implies m([x1, x2] ∩ E) > (x2 − x1)/2.
Then by Problem 1 (replacing (−∞,∞) with J), m(J\E) = 0. Which implies m(J ∩E) =
m(J). Contradiction.

Because J is an arbitrary interval, f is not monotone on any sub-interval of [0, 1].

• Proof 3. If you are allowed, use the Lebesgue Density Theorem.

Q: Can E be a Lebesgue measurable but non-Borel set (with positive measure, of course)?

Q: Does there exist a Lebesgue measurable but non-Borel set E ⊂ [0, 1] such that for
any interval I ⊂ [0, 1], E ∩ I is non-Borel?

An idea: Any Lebesgue measurable set is a Borel set minus a set of measure zero.

13



January 2023

Problem 1. Let A be a set such that A ∩K ̸= ∅ for any compact subset K of real line of
positive measure. Show that A has infinite outer Lebesgue measure.

Proof. If m(A) < ∞, then m(Ac) > 0. Hence by the inner regularity of the Lebesgue measure
there is a compact set K ⊂ Ac, say, with m(K) > 0. This contradicts the hypothesis as
A ∩K = ∅.

Problem 2. Show that if f is continuous almost everywhere on [0, 1], then it is measur-
able.

Proof. Let E ⊂ [0, 1] be the set of all points at where f is continuous. Then m(Ec) = 0,
and therefore E and f |E (∵ the inverse image of any open set under f |E is the intersection

between an open set and E) are measurable. Because f−1((a,∞))
a.e
= f |−1

E ((a,∞)) for any
a ∈ R, f is measurable.

Problem 3. For a non-negative measurable function f on a measurable set E define

mf (t) = m({f > t}), t > 0,

where m is the Lebesgue measure. Show that
∫
E
φ =

∫∞
0

mφ for any non-negative simple
function φ.

Proof. Let φ =
∑n

j=1 ckχEj
with c1 < · · · < cn. Then

mφ(t) = χ[0,c1)(t) ·
n∑

j=1

m(E ∩ Ej) +
n−1∑
k=1

[
χ[ck,ck+1)(t) ·

n∑
j=k+1

m(E ∩ Ej)
]
.

Thus ∫ ∞

0

mφ = c1

n∑
j=1

m(E ∩ Ej) +
n−1∑
k=1

[
(ck+1 − ck)

n∑
j=k+1

m(E ∩ Ej)
]

=
n∑

j=1

cj ·m(E ∩ Ej) =

∫
E

φ.

Problem 4. In the setting of the previous problem and assuming its statement is true,
show that

∫
E
f =

∫∞
0

mf for any non-negative measurable function f .

Proof. By the simple approximation theorem, we can find an increasing sequence (φn)n=1 of
positive simple functions such that φn ↗ f on E. By the monotone convergence theorem∫
E
φn ↗

∫
E
f , and by the previous problem

∫
E
φn =

∫∞
0

mφn for all n ∈ N. Thus if we can
show limn→∞

∫∞
0

mφn =
∫∞
0

mf , then we are done.

14



Notice that for any t > 0, x ∈ {x ∈ R : f(x) > t} if and only if x ∈ {x ∈ R : φn(x) > t}
for all but finitely many n ∈ N. Thus

{x ∈ R : f(x) > t} =
∞⋃
k=1

∞⋂
n=k

{x ∈ R : φn(x) > t}.

Then

mf (t) := m({x ∈ R : f(x) > t})

= m
( ∞⋃

k=1

∞⋂
n=k

{x ∈ R : φn(x) > t}
)

= lim
k→∞

m
( ∞⋂

n=k

{x ∈ R : φn(x) > t}
)
, ∵ continuity of Lebesgue measure

= lim
k→∞

m({x ∈ R : φk(x) > t}),∵
∞⋂
n=k

{x ∈ R : φn(x) > t} = {x ∈ R : φk(x) > t}

= lim
n→∞

m({x ∈ R : φn(x) > t}) = lim
n→∞

mφn(t).

Because t > 0 is arbitrary and (mφn)n=1 is an increasing sequence of measurable functions,
by the monotone convergence theorem we get

lim
n→∞

∫ ∞

0

mφn =

∫ ∞

0

mf .

This completes the proof.

Problem 5. Let f be integrable function of the real line. Show that f = 0 almost
everywhere if

∫
I
f = 0 for any interval I of length 1.

Proof. For the sake of contradiction let’s assume that there is ϵ > 0 and a measurable set
E+

1 inside of an interval of length 1 such that m(E+
1 ) > 0 and f ||E+

1
> ϵ (choose E+

1 to be

maximal, up to measure zero set, within a unit interval). Then the hypothesis implies that
there is another set E−

1 , within an interval of length 1 to E+
1 , such that m(E+

1 ) = m(E−
1 )

and f |E−
1

< −ϵ. By continuing in this way we can find a sequence (E+
n )n=1 of disjoint

measurable sets with same (positive) measure such that f ||E+
n

> ϵ for all n ∈ N. This
violates the integrebility of f as∫

|f | >
∫
⊔∞

n=1 E
+
n

f ≥
∞∑
n=1

ϵ ·m(E+
n ) = ϵ · ∞ = ∞.

Problem 6. Let f ∈ Lp[0, 1], p ∈ (1,∞), and F be an indefinite integral of f . Show
that for each x ∈ (0, 1)

lim
h→0+

F (x + h) − F (x)

h1/q
= 0,

where q is the conjugate exponent of p.

15



Proof. We have F (x) = F (0) +
∫ x

0
f for all x ∈ [0, 1]. Therefore for any x ∈ [0, 1],

lim
h→0+

∣∣∣F (x + h) − F (x)

h1/q

∣∣∣ ≤ lim
h→0+

∫ x+h

x
|f |

h1/q

= lim
h→0+

∫
[0,1]

|f | · χ2
[x,x+h]

h1/q

Holder

≤ lim
h→0+

||fχ[x,x+h]||p. (∗)

Let h = 1/n, n ∈ N. For fixed x ∈ [0, 1], define the sequence (fx,n)n=1 of L1[0, 1] functions
by

fx,n(t) := |f(t)|p · χ[x,x+1/n](t).

Thus fx,n ≤ |f |p for all n ∈ N and fx,n(t) → 0 for all t ∈ [0, 1]\{x} as n → ∞. Since
the singletons have zero measure and fp ∈ L1[0, 1], the Lebesgue Dominated Convergence

Theorem tells
∫ 1

0
fx,n → 0 for all x ∈ [0, 1]. This together with the squeeze theorem give us

lim
h→0+

||fχ[x,x+h]||p = lim
n→∞

||fχ[x,x+ 1
n
]||p = lim

n→∞

(∫ 1

0

fx,n

)1/p

= 0. (∗∗)

By (∗) and (∗∗) we have the claim.
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January 2022

Problem 1. Let f → [0,∞) be a measurable function and define its distribution function
df : [0.∞) → [0,∞] defined by df (t) = |{x ∈ R : f(x) > t}|.

i. Prove or disprove the statement that the function df is left continuous, that is to say

lim
t↗t0

df (t) = df (t0), for each t0 > 0.

ii. Prove or disprove the statement that the function df is right continuous, that is to say

lim
t↘t0

df (t) = df (t0), for each t0 ≤ 0.

Proof. i. Let t0 = 1 and f(x) = χ[0,1)(x). Then df (t0) = 0 ̸= 1 = limt↗t0 df (t). So, dχ[0,1)

is not left continuous.

ii. Let t0 ≥ 0. We prove limt↘t0 df (t) = df (t0). For t > t0, notice that

m(f−1(t0,∞)) = m(f−1(t0, t]) + m(f−1(t,∞)) (∗)

Because f−1(t0, t1] ⊂ f−1(t0, t2] for any t1 < t2, limt↘t0 m(f−1(t0, t]) exists (continuity
of Lebesgue measure). If it is 0, then we are done. If not, then there is M > 0
and N > t0 such that limt↘t0 m(f−1(t0, t]) ≥ M for all t ∈ (t0, N). Let t ∈ (t0, N).
Because t0 /∈ (t0, t], there is a countable union of disjoint (can be de-generated) intervals
(Ik)∞k=1 in (t0, t] such that m(f−1(Ik)) ≥ M for each k (let the enumeration begins from
right). This says m(f−1(t0, t]) = ∞. Because t is arbitrary, limt↘t0 m(f−1(t,∞)) ≥
limn→∞

∑n
k=1m(Ik) ≥ limn→∞ nM = ∞. Here

⊔n
k=1 Ik ⊂ (t, N). So, limt↘t0 df (t) =

∞. Then from (∗), df (t0) = limt↘t0 df (t) = ∞.

Problem 2. Let f : R → R be a Lipschitz function. Show the following.

i. if F ⊂ R is an Fσ set then f(F ) ⊂ R is an Fσ set.

i. if F ⊂ R is a measurable set then f(F ) ⊂ R is a measurable set.

Proof. i . Because R =
⋃

n∈Z[n, n+ 1], F ⊂ R is an Fσ set if and only if it is a countable
union of compact sets. Since the continuous image of a compact set is compact and
f(A ∪ B) = f(A) ∪ f(B) for any sets (let’s say measurable) A,B ⊂ R, we have that
f(F ) is an Fσ set if F is an Fσ set.

ii . Suppose F ⊂ R be a measurable set. Then F = E ⊔ (F\E) where E is an Fσ set and
m(F\E) = 0. Hence f(F ) = f(E)∪f(F\E). So, if we can show m(f(F\E)) = 0, then
by part (i) we have that F is measurable. In-particular, if we can shoe m(f(A)) ≤
m(A) for any measurable set A, then we are done. Because the semi-ring of bounded
intervals generates the collection of all Lebesgue measurable sets (and with the fact
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that singletons have measure zero), it is enough to show m(f([a, b])) ≤ M(b − a) for
any closed interval [a, b]. Here M > 0 is the Lipschitz constant of f . In-fact

m(f([a, b])) ≤ max
x∈[a,b]

f(x) − min
x∈[a,b]

f(x) = f(α) − f(β) ≤ M(α− β) ≤ M(b− a).

Here α, β ∈ [a, b] are such that f(α) = maxx∈[a,b] f(x) and f(β) = minx∈[a,b] f(x).

Problem 3. Let ϕ : R → R be a function. Show that the following are equivalent:

(*) for each measurable set E ⊂ R, the set ϕ−1(E) is measurable and |ϕ−1(E)| = |E|;

(**) for each measurable function f : R → R, the function f ◦ϕ : R → R is measurable and∫
R
f ◦ ϕ =

∫
R
f.

Proof. (∗ ⇒ ∗∗) Since ϕ is measurable by the hypothesis, f ◦ ϕ is measurable. Because
f : R → R be measurable, there is a sequence (φn)∞n=1 of simple functions which converges
pointwise to f on R with |φn| ≤ |f | for all n ∈ N (if f > 0, choose (φn)∞n=1 to be increas-
ing). Therefore if we can show the claim for any simple function, then we are done, as: If
f ∈ L1(R), then use LDCT. If f /∈ L1(R), then at-least one of

∫
R f− or

∫
R f+ equals to ∞.

Then use the monotone convergence theorem to this f− or f+.

Let f(x) =
∑∞

k=1 akχEk
(x) be a simple function. Then∫

R
f ◦ ϕ =

n∑
k=1

akm(ϕ−1(Ek)) =
n∑

k=1

akm(Ek) =

∫
R
f.

(∗ ⇐ ∗∗) Letting f be the identity we get ϕ : R → R is measurable. And for any
measurable set E, letting f = χE, we get

m(ϕ−1(E)) =

∫
R
f ◦ ϕ Hypothesis

=

∫
R
f = m(E).

Problem 4. Let E ⊂ R be a measurable set with 0 < |E| < ∞. Let f ∈  L∞(E).

i. Show that f ∈ Lp(E) for each p ∈ [1,∞)

ii. Show that ||f ||p → ||f ||∞ as p → ∞.

Proof. i. Let p ∈ [1,∞). Then ||f ||p ≤ ||f ||∞ ·m(E)1/p < ∞. Thus f ∈ Lp(E).
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ii. Because ||f ||p ≤ ||f ||q for any p ≤ q, the limit L := limp−→∞ ||f ||p exists in [0,∞]. But

since f ∈ L∞(E), L ∈ [0,∞). Notice that ||f ||p =
( ∫

E
|f |p

)1/p

≤ m(E)
1
p ||f ||∞. Then

by taking the limit as p → ∞ we get L ≤ ||f ||∞. To show the reverse inequality: for
n ∈ N, define

En := {x ∈ E : ||f ||∞
(

1 − 1

n

)
≤ |f(x)| ≤ ||f ||∞}.

Then m(En) > 0. (This is true as m(E) > 0 and || · ||∞ is the essential sup norm.
If it is just the sup norm, then the claim is false. For a counter example consider
f : [0, 1] → [0, 1] defined by f(x) = 1 if x = 1/2, and f(x) = 0 else). Then

||f ||pp =

∫
E

|f |p =

∫
En

|f |p +

∫
E\En

|f |p ≥ ||f ||p∞ ·
(

1 − 1

n

)p

·m(En)

Hence L = limp−→∞ ||f ||p ≥ limp−→∞ ||f ||∞ ·
(

1− 1
n

)
·m(E)

1
p = ||f ||∞ ·

(
1− 1

n

)
. Since

this is true for any n ∈ N, we get L ≥ ||f ||∞, and therefore the claim.

Problem 5. Let f ∈ L1(R). For each λ > 0, put fλ(x) = λf(λx). Show that fλ ∈ L1(R),
and that fλ → f in L1(R) as λ → 1.

Proof. For n ∈ N, we have
∫
[−n,n]

|fλ| =
∫
[−λn,λn]

|f | ≤ ||f ||1 < ∞. This is true for any n ∈ N,

fλ ∈ L1(R). Define gλ := |fλ|+|f |−|fλ−f |
2

. Then gλ ≥ 0. By Lusin’s theorem, for any ϵ > 0, we
can find a measurable set Eϵ such that

(i). ||f · χR\Eϵ||1 < ϵ/2,

(ii). ||fλ · χR\Eϵ||1 < ϵ for all close enough λ to 1, and

(iii). limλ→1 gλ = |f | pointwise on Eϵ.

Thus by Fatou’s lemma,

||fEϵ||1 ≤ ||fEϵ||1 −
1

2
lim sup

λ→1
||(fλ − f)Eϵ||1.

Hence limλ→1 ||(fλ − f)Eϵ ||1 = 0. This together with (ii) gives us

lim
λ→1

||fλ − f)||1 < ϵ.

Because this is true for any ϵ > 0, we have the claim.

Problem 6. Assume fn → f and gn → g in L2(R). Show that fngn → fg in L1(R).

Proof. We have that

||fngn − fg||1 = ||(fn − f)gn + (gn − g)f ||1
Minkowski

≤ ||(fn − f)gn||1 + ||(gn − g)f ||1
Holder

≤ ||fn − f ||2 · ∥gn||2 + ||gn − g||2 · ∥f ||2.

Because gn → g in L2(R), g2n → g2 in L1(R). Thus by letting n → ∞ in the above inequality
we get the claim as f, g ∈ L2(R) .
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August 2021

Problem 1. Let n ∈ N and p1, p2, · · · , pn ∈ (1,∞) be such that 1
p1

+ 1
p2

+ · · · + 1
pn

= 1. If

f1 ∈ Lp1(R), f2 ∈ Lp2(R), · · · , fn ∈ Lpn(R), then show that f1f2 · · · fn ∈ L1(R).

Proof. We prove by induction on n. The base case (when n = 2) follows from the Holder’s
inequality. Let k ∈ N≥2 and suppose that the claim is true for all n = 2, · · · , k. That is; if
1
p1

+ 1
p2

+· · ·+ 1
pk

= 1 and f1 ∈ Lp1(R), f2 ∈ Lp2(R), · · · , fk ∈ Lpk(R), then f1f2 · · · fk ∈ L1(R).

Need to show if 1
p1

+ 1
p2

+ · · · + 1
pk

+ 1
pk+1

= 1 and f1 ∈ Lp1(R), f2 ∈ Lp2(R), · · · , fk ∈
Lpk(R), fk+1 ∈ Lpk+1(R), then f1f2 · · · fkfk+1 ∈ L1(R). Let q = pkpk+1

pk+pk+1
. Then 1

p1
+ 1

p2
+ · · ·+

1
q

= 1. This implies q > 1. Thus if we can show fkfk+1 ∈ Lq(R), then we are done by the

induction hypothesis as it implies f1f2 · · · (fkfk+1) ∈ L1(R). Notice that

fk ∈ Lpk(R) ⇒ fpk
k ∈ L1(R) ⇒ f q

k ∈ L
pk
q (R).

Similarly

fk+1 ∈ Lpk+1(R) ⇒ f
pk+1

k ∈ L1(R) ⇒ f q
k+1 ∈ L

pk+1
q (R).

Since q
pk

+ q
pk+1

= 1, by the Holder’s inequality, ||f q
kf

q
k+1||1 ≤ ||f q

k || pkq + ||f q
k+1|| pk+1

q
< ∞.

Hence fkfk+1 ∈ Lq(R).

Problem 2. Let A and B be Lebesgue measurable subsets of R, with A ⊂ B. Show that
m(A) = m(B) if and only if every subset C satisfying A ⊂ C ⊂ B is Lebesgue measurable.

Proof. (⇒) Suppose m(A) = m(B). Then for any C ⊂ R with A ⊂ C ⊂ B, there is a set
E ⊂ R, say, of Lebesgue measure zero such that C = A ⊔ E. Hence C is measurable.
(⇐) For contra-positive, assume m(A) ⪇ m(B). Then by Vitali’s theorem there is a non-
measurable set F ⊂ B\A. Then C := A ⊔ F is non-measurable with A ⊂ C ⊂ B.

Problem 3.

(a). Prove that for every ϵ > 0 there is an open subset of [0, 1], whose closure is [0, 1], and
whose Lebesgue measure is less than ϵ.

(b). Prove that for every a ∈ (0, 1] there is an open subset of [0, 1], whose closure is [0, 1],
and whose Lebesgue measure is equal to a.

Proof. (a). If ϵ > 1, then take (0, 1) to be the open set. If ϵ ∈ (0, 1], then take the set below
in part (b) when, for example, a = ϵ

2
.

(b). Let a ∈ (0, 1]. Consider the standard middle third Cantor set (let’s denote it by C 1
3
).

Instead of removing middle thirds (the ratio of ”length of a removed interval in stage
n + 1” to ”the length of the interval where it belonged as the middle third interval in
stage n” is 1 : 3), let’s remove the middle (1+2a

a
)th. That is; the ratio of ”length of a

removed interval in stage n + 1” to ”the length of the interval where it belonged as the
middle (1+2a

a
)th interval in stage n” is 1 : 1+2a

a
. Let Ua be the disjoint union of those
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removed open intervals in this process. Hence Ua is open and clearly Ua = [0, 1] as
[0, 1]\Ua does not contain any open interval. And

m(Ua) =
∞∑
n=0

2n
( a

1 + 2a

)n+1

= a.

Problem 4. Let f, g : [0, 1] −→ R. Prove that

TV (fg) ≤ TV (f) sup
x∈[0,1]

|g(x)| + TV (g) sup
x∈[0,1]

|f(x)|,

where TV is the total variation. Give examples where the inequality is strict, and where the
equality holds although none of the functions f, g is constant.

Proof. Let P = {0 = a0 < a1 < · · · < an−1 < an = 1} be a partition of [0, 1]. Then

V (fg,P) =
n∑

k=1

|f(ak)g(ak) − f(ak−1)g(ak−1)|

≤
n∑

k=1

|f(ak) − f(ak−1)||g(ak)| + |g(ak) − g(ak−1)||f(ak−1)|

≤ sup
x∈[0,1]

|g(x)|
n∑

k=1

|f(ak) − f(ak−1)| + sup
x∈[0,1]

|f(x)|
n∑

k=1

|g(ak) − g(ak−1)|

= V (f,P) sup
x∈[0,1]

|g(x)| + V (g,P) sup
x∈[0,1]

|f(x)|.

Then by taking the suprimum over all the partitions of [0, 1], we get the claim.

For the strict inequality: Let f(x) :=

{
0 if x ∈ [0, 1

2
)

1 if x ∈ [1
2
, 1]

and g(x) :=

{
1 if x ∈ [0, 1

2
)

0 if x ∈ [1
2
, 1]

.

Then fg = 0.

Thus TV (fg) = 0 and TV (f) supx∈[0,1] |g(x)| + TV (g) supx∈[0,1] |f(x)| = 1 · 1 + 1 · 1 = 2.

For the equality: let f(x) be as above and and let g be any function with TV (g|[ 1
2
,1]) = ∞.

Then the both sides of the inequality becomes ∞.

If need a finite equality: Let f(x) be as above and g(x) :=

{
1 if x ∈ [0, 1

2
]

0 if x ∈ (1
2
, 1]

. Then

fg(x) :=

{
1 if x = 1

2

0 else
. Thus TV (fg) = 2 (for the partition, for example, {0 < 1

2
< 1})

and TV (f) supx∈[0,1] |g(x)| + TV (g) supx∈[0,1] |f(x)| = 1 · 1 + 1 · 1 = 2.
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Problem 5. Let (fn)∞n=1 be a sequence of functions in L1([0, 1]), satisfying∫
[0,1]

|fn| ≤
1

n2

for every n ∈ N. Show that fn converges to 0 pointwise a.e.

Proof. Let ϵ > 0 be given. Then by the Chebychev’s inequality,

m({x ∈ [0, 1] : |fn(x)| ≥ ϵ}) ≤ 1

ϵ

∫
[0,1]

|fn| ≤
ϵ

n2
.

Thus
∑∞

n=1m({x ∈ [0, 1] : |fn(x)| ≥ ϵ}) ≤
∑∞

n=1
ϵ
n2 < ∞. Therefore by the Borel-

Cantelli lemma, for almost all x ∈ [0, 1] there is N ∈ N such that for each n > N ,
x /∈ {x ∈ [0, 1] : |fn(x)| ≥ ϵ}. In other words: for almost all x ∈ [0, 1] there is N ∈ N such
that for each n > N , |fn(x)| < ϵ. Hence the claim.

Problem 6. Let f : [0, 1] −→ R be a continuous function. Evaluate

lim
n−→ ∞

∫ 1

0

nxn−1f(x)dx.

Answer. For a fixed a ∈ R and k ∈ N, we get limn−→ ∞
∫ 1

0
nxn−1axkdx = a. Thus by

the linearity of the Lebesgue integral, limn−→ ∞
∫ 1

0
nxn−1P (x)dx = P (1) for any polynomial

P (x) on [0, 1]. Let f be a continuous function on [0, 1]. By Weierstrass approximation
theorem, there is a sequence (Pm(x))∞m=1 of polynomial on [0, 1] such that Pm ⇒ f . Because
one of the limits is uniform, we can interchange the two limits. Thus

f(1) = lim
m−→ ∞

Pm(1) = lim
m−→ ∞

(
lim

n−→ ∞

∫ 1

0

nxn−1Pm(x)dx
)

= lim
n−→ ∞

(
lim

m−→ ∞

∫ 1

0

nxn−1Pm(x)dx
)

= lim
n−→ ∞

∫ 1

0

lim
m−→ ∞

nxn−1Pm(x)dx

= lim
n−→ ∞

∫ 1

0

nxn−1f(x)dx.

Note: We can not start with limn−→ ∞
∫ 1

0
nxn−1f(x)dx as we still don’t know if the limit

exists.
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Winter 2021

1. Give an example of a measurable set E ⊂ R of finite measure such that m(E∩(E+r)) >
0 for every r ∈ R (where E + r = {x + r : x ∈ E}).

Example 1.
∞⊔
n=1

[−n− 1

2n
,−n] ⊔ [−1, 1] ⊔

∞⊔
n=1

[n, n +
1

2n
].

Example 2. Let (qn)n∈N an enumeration of Q. Then

∞⋃
n=1

[qn −
1

2n
, qn +

1

2n
].

2. Let fn : [0, 1] −→ [0,∞) (n = 1, 2, 3, · · · ) be measurable functions. Prove that there
exist numbers an > 0 (n = 1, 2, 3, · · · ) such that the series

∑∞
n=1 anfn(x) converges for

almost every x ∈ [0, 1].

Proof. Because fn is finite, limk−→∞ f−1
n ((k,∞)) = 0 for each n ∈ N. Therefore for each

n ∈ N, there is δ(n) > 1, say, such that m(En) ≤ 1/n2. Here En := f−1
n ((δ(n),∞)). Let

an = 1
δ(n)·2n . Then the series

∑∞
n=1 anfn(x) diverges if and only if x belongs to infinitely

many E ′
ns. That is x ∈

⋂∞
k=1Enk

. Borel-Cantelli lemma says the set consists with such
points has measure zero as

∑∞
n=1 m(En) ≤

∑∞
n=1 1/n2 < ∞.

3. Let f ∈ L1(R). Prove that for every measurable set E ⊂ R of finite measure we have

lim
t−→∞

∫
E

f(x + t) dx = 0.

Proof. Let ϵ > 0 be given. Because f ∈ L1(R) there is δ > 0 such that for any F ⊂ R with
m(F ) < δ we get

∫
F
|f | < ϵ

2
. Because m(E) < ∞, we can find an interval [−a, a], say, such

that
∫
R\[−a,a]

|f | < ϵ
2

and m(E\[−a, a]) < min{δ, ϵ
2
}. Because Lebesgue measure is invariant

under translation, for all t > 2a

|
∫
E

f(x+ t)| ≤
∫
E

|f(x+ t)| ≤
∫
E∩[−a,a]

|f(x+ t)|+ ϵ

2
=

∫
(E∩[−a,a])+t

|f(x)|+ ϵ

2
<

ϵ

2
+

ϵ

2
= ϵ.

4. Assume that for a function f : R −→ R and a constant C ∈ R, the total variation of
f on every compact interval is smaller than or equal to C. Prove that∫

R
|f(x + h) − f(x)| dx ≤ C|h|.
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Proof. Let h ∈ R be given. Define g : R −→ [0,∞) by g(x) := |f(x + h) − f(x)|. For i ∈ N,

let ai := sup{i|h|, (i + 1)|h|}. Then
∫ (i+1)|h|
i|h| g(x) dx ≤ |h| · g(ai). Thus for any n ∈ N,

∫
[−n|h|,n|h|]

g(x) dx =
n−1∑
i=−n

∫
[i|h|,(i+1)|h|]

g(x) dx ≤ |h|
n−1∑
i=−n

g(ai) = |h|
n−1∑
i=−n

|f(ai + h) − f(ai)|

≤ |h|V (f,P) ≤ |h|C.

Here P is a partition of [−n|h|, n|h|] which includes the points {ai, ai + h}n−1
i=−n. Because

this is true for any n ∈ N, we get the claim by the continuity of the Lebesgue integral.

5. Let f ∈ L∞([0, 1]). Prove that

lim
p−→∞

||f ||p = ||f ||∞.

Proof. Because ||f ||p ≤ ||f ||q for any p ≤ q, the limit L := limp−→∞ ||f ||p exists in [0,∞]. But

since f ∈ L∞([0, 1]), L ∈ [0,∞). Notice that ||f ||p =
( ∫

[0,1]
|f |p

)1/p

≤
(
||f ||p∞

)1/p

= ||f ||∞.

So, L ≤ ||f ||∞. To show the reverse inequality: for n ∈ N, define

En := {x ∈ [0, 1] : ||f ||∞(1 − 1

n
) ≤ |f(x)| ≤ ||f ||∞}.

Then m(En) > 0. Thus

||f ||pp =

∫
[0,1]

|f |p =

∫
En

|f |p +

∫
[0,1]\En

|f |p ≥ ||f ||p∞ ·
(

1 − 1

n

)p

·m(En)

Hence L = limp−→∞ ||f ||p ≥ ||f ||∞
(

1 − 1
n

)
. Since this is true for any n ∈ N, we get

L ≥ ||f ||∞ and therefore the claim.

6. Give an example of a function f : [0, 1] −→ R such that f ∈ Lp([0, 1]) for every
p ∈ [1,∞), but f /∈ L∞([0, 1]).

Consider the function f : [0, 1] −→ R defined by

f(x) :=


∑∞

n=1 nχ
(
2

1
n+1 ,2

1
n

](x) if x ∈ (0, 1]

0 if x = 0.

Clearly it is unbounded and for any p ≥ 1,

||f ||pp =
∞∑
n=1

np

2n+1
< ∞

by, for example, root test. Hence f ∈ Lp([0, 1]).
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Summer 2020
Pavel Bleher

Problem 1. Let E be the set of all real numbers x on the interval [0, 1] such that in the
decimal form of x = 0.i1i2i3 · · · the number 5 appears infinitely many times. Prove that
mE = 1.

Proof. Let F := {x ∈ [0, 1] : the decimal expansion of x has no 5}. Then

F c := [0, 1]\F =
1

10
(5, 6) ⊔ 1

102

9⊔
i=0
i ̸=5

(i5, i6) ⊔ 1

103

9⊔
i,j=0
i,j ̸=5

(ij5, ij6) ⊔ · · ·

(Here we write 5 as 4.9̄ to make F compact)

Thus m(F c) = 1
9

∑∞
i=1(

9
10

)i = 1. This says m(F ) = 0. For n ∈ N ∪ {0}, define

Fn := {x ∈ [0, 1] : the decimal expansion of x has no 5 after the nth place}.

Then Fn ⊂ 1
10n

⋃10n−1
i=0 (i+F ). Because the Lebesgue measure is invariant under translation,

we then get m(Fn) = 0 and therefore m(
⋃∞

n=1 Fn) = 0. Since E = [0, 1]\(
⋃∞

n=1 Fn), we have
the claim.

Problem 2. Prove that if functions f1, f2 are absolutely continuous on [0, 1], then the
function f(x) = max{ef1(x), |f2(x)|} is absolutely continuous on [0, 1] as well.

Proof. Notice that ex is Lipschitz on [0, 1] (with a Lipschitz constant, for an example, e. To
see: the line y = x+e lies above the curve y = ex over [0, 1]. Or, the line y = ex lies above the
curve y = ex−1 over [0, 1].). Hence ef1(x) ∈ AC[0, 1]. By the reverse triangle inequality, |f2| ∈
AC[0, 1]. This together with the fact |f(a) − f(b)| ≤ |ef1(b) − ef1(a)| + ||f2(b)| − |f2(a)|| for
any a, b ∈ [0, 1], we have f ∈ AC[0, 1].

Problem 3. Prove that for any integrable function f on the interval [a, b],

lim
n−→∞

∫ b

a

f(x) sin(sin(nx)) dx = 0.

Proof. Because the collection of all step functions on [a, b] with rational values is dense
(under || · ||1 norm) in L1([a, b]), and the linearity of the Lebesgue integral, it is enough to
show

lim
n−→∞

∫ q

p

sin(sin(nx)) dx = 0 for any interval [p, q] ⊆ [a, b].

By changing the variable, we get

lim
n−→∞

|
∫ q

p

sin(sin(nx)) dx| = lim
n−→∞

1

n
|
∫ nq

np

sin(sin(x)) dx| ≤ lim
n−→∞

2

n
= 0.

Note: Over any interval, the area under the curve y = sinx is in between −2 and 2.
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Problem 4. Prove that for any 1 ≤ p < ∞ there is a constant Cp > 0 such that for any
integrable function f on [0, 1],

|| ln(1 + |f |)||p ≤ Cp(1 + ||f ||1).

Proof. For a fixed p ≥ 1, defined the function φp : [1,∞) −→ ∞ by φp(x) := (p + lnx)p.
Since φ′′

p(x) = − p
x2 (p + lnx)p−2(1 + lnx) < 0 on [1,∞), φp is concave. Let f ∈ L1([0, 1]).

Since 1 + |f | ≥ 1, by the Jensen’s inequality for concave functions we get∫
[0,1]

φp ◦ (1 + |f |) ≤ φp(

∫
[0,1]

1 + |f |).

Because

|| ln(1 + |f |)||pp ≤
∫
[0,1]

(p + ln(1 + |f |))p =

∫
[0,1]

φp ◦ (1 + |f |)

and

φp

(∫
[0,1]

1 + |f |
)

=
(
p + ln(

∫
[0,1]

1 + |f |)
)p

=
(
p + ln(1 + ||f ||1)

)p

=
(

ln ep(1 + ||f ||1)
)p

≤ [ep(1 + ||f ||1)]p,

we get the claim by letting Cp = ep.

Problem 5. Let f ∈ L2[0, 1] and m =
∫
[0,1]

f . Prove that

m2 +
(∫ 1

0

|f(x) −m|dx
)2

≤
∫ 1

0

f 2(x)dx.

Proof. Because f ∈ L2[0, 1], f ∈ L1[0, 1]. Hence |m| < ∞ and

m2 +
(∫ 1

0

|f(x) −m|dx
)2

≤ m2 +

∫ 1

0

(f −m)2 = m2 +

∫ 1

0

f 2 − 2m2 + m2 =

∫ 1

0

f 2.

The inequality is due to Jensen.

Problem 6. Let f ∈ L1(R) be such that∫ a+b
2

a

f =

∫ b

a+b
2

f, ∀ −∞ < a < b < ∞.

Prove that then f(x) = 0 almost everywhere on (−∞,∞).

Proof. We can assume f ≥ 0. Suppose the set E := f−1((0,∞)) has a positive measure.

Then there is a > 0 such that M :=
∫ a

−a
f > 0. Then by the hypothesis

∫ 3a

−a
f = 2M and

therefore by induction, for any n ∈ N,
∫ (2n−1)a

−a
f = nM . Since M > 0,

∫
R f = ∞. This

contradicts the fact f is integrable. Hence m(E) = 0. The general case follows by considering
f+ and f− separately and |f | = f+ + f−.
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Winter 2020
Pavel Bleher

Problem 1. Let E be the set of real numbers x on the interval [0, 1] such that in the decimal
expansion form of x = 0.i1i2i3 · · · , there is no 5, so that ik ̸= 5 for all k. Prove that

1. the set E is uncountable;

2. m(E) = 0, where m(E) is the Lebesgue measure of E.

Proof. 1. The set {x ∈ [0, 1] : the decimal expansion of x consists with only 0 and 1} is
uncountable (by Cantor’s diagonal argument) and is a subset of E.

2. Notice that

[0, 1]\E =
1

10
[5, 6) ⊔ 1

102

9⊔
i=0
i ̸=5

[i5, i6) ⊔ 1

103

9⊔
i,j=0
i,j ̸=5

[ij5, ij6) ⊔ 1

104

9⊔
i,j,k=0
i,j,k ̸=5

[ijk5, ijk6) ⊔ · · ·

Thus m([0, 1]\E) = 1
9

∑∞
i=1(

9
10

)i = 1 and therefore m(E) = 0.

Problem 2. Let E be the same set as in Problem 1. Calculate the fractal dimension of
E, defined as

d := lim
k→∞

lnN(k)

ln k
,

where N(k) is the smallest number of intervals of length 1
k

covering E. Prove rigorously the
existence of the limit.

Answer. Since

[0, 1]\E =
1

10
[5, 6) ⊔ 1

102

9⊔
i=0
i ̸=5

[i5, i6) ⊔ 1

103

9⊔
i,j=0
i,j ̸=5

[ij5, ij6) ⊔ 1

104

9⊔
i,j,k=0
i,j,k ̸=5

[ijk5, ijk6) ⊔ · · · ,

for each n ∈ N, E can be covered by 9n number of intervals of length 1/10n. For k ∈ N∪{0},
let nk ∈ N be such that 10nk ≤ k < 10nk+1. Then 9nk = N(10nk) ≤ N(k) ≤ N(10nk+1) =
9nk+1. Hence

nk ln 9

(nk + 1) ln 10
≤ lnN(k)

ln k
≤ (nk + 1) ln 9

nk ln 10

and therefore by the squeeze theorem, d = ln 9
ln 10

.

Problem 3. Let us enumerate all rational numbers on [0, 1], so that Q ∩ [0, 1] =
{r1, r2, r3, · · · }. Prove that for any α > −1, the series

f(x) =
∞∑
k=1

|x− rk|α

k2

is convergent for almost all x on [0, 1].
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Proof. For n ∈ N, define fn : [0, 1] −→ [0,∞) by fn(x) :=
∑n

k=1
|x−rk|α

k2
. Then∫

[0,1]

fn(x)dx =

∫
[0,1]

( n∑
k=1

|x− rk|α

k2

)
dx =

n∑
k=1

∫
[0,1]

|x− rk|α

k2
dx

=
n∑

k=1

∫
[0,rk]

(rk − x)α

k2
dx +

∫
[rk,1]

(x− rk)α

k2
dx

=
n∑

k=1

1

k2

( rα+1
k

α + 1
+

(1 + rk)α+1

α + 1

)
≤ 1 + 2α+1

α + 1

∞∑
k=1

1

k2
=: M < ∞. (0.1)

Since M does not depend on n, it is a uniform bound of the sequence (
∫
[0,1]

fn)∞n=1. Because

(fn)∞n=1 is an increasing sequence, the pointwise limit f(x) = limn−→∞ fn(x) exists in R.
Then by the Monotone Convergence Theorem and (0.1), it exists almost everywhere in R.
In other words, the given series converges for almost every x ∈ [0, 1].

Problem 4. Let f(x) be the function defined in Problem 3. Prove that for any α > 0,
f(x) is absolutely continuous on [0, 1].

Proof. Let fn be as in Problem 3. Notice that each fn is differentiable almost everywhere
on [0, 1] (in fact, it is differentiable at all but finitely many points: r1, · · · , rn) and f ′

n(x) =∑n
k=1 δ(rk)α(x−rk)

α−1

k2
. Here δ(rk) = 1 if x > rk and δ(rk) = −1 if x < rk. Notice that

|f ′
n(x)| ≤ α

∑n
k=1

|x−rk|α−1

k2
. Because α > 0, α − 1 > −1. So, by replacing α with α − 1 in

Problem 3 we see that the series g(x) :=
∑∞

k=1 δ(rk)α(x−rk)
α−1

k2
(= limn−→∞ f ′

n(x)) converges
absolutely for almost every x ∈ [0, 1]. Hence

f(x) = lim
n−→∞

fn(x) = lim
n−→∞

(
fn(0) +

∫ x

0

f ′
n(t) dt

)
= lim

n−→∞
fn(0) + lim

n−→∞

∫ x

0

f ′
n(t) dt

= f(0) +

∫ x

0

lim
n−→∞

f ′
n(t) dt, by general LDCT

= f(0) +

∫ x

0

g(t) dt.

By comparison test, limn−→0 fn(0) = f(0).

This says f is an indefinite integral over [0, 1]. Hence f ∈ AC([0, 1]).

Problem 5. Prove that for any integrable function f on (−∞,∞),

lim
n−→∞

∫
R

cos(nx2) f(x) dx = 0.
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Proof. By the definition of Lebesgue integral of a non-negative function (we can assume f ≥
0. The general case follows by considering the positive and negative parts of f separately), if
we can show the claim for any non-negative bounded function of finite support, then we are
done. But any such a function can be approximated by (in this case by || · ||1) step functions.
Therefore by the linearity of the Lebesgue integral, if we can show the claim for the case
f(x) = 1 then we are done. In fact

lim
n−→∞

∣∣∣ ∫
R

cos(nx2) dx
∣∣∣ = lim

n−→∞

∣∣∣ ∫
R

cos(x2)√
n

dx
∣∣∣, by letting x =

x√
n
.

= lim
n−→∞

1√
n

∣∣∣ ∫
R

cos(x2) dx
∣∣∣

≤ lim
n−→∞

2√
n

= 0.

This implies limn−→∞
∫
R cos(nx2) dx = 0, and therefore the claim.

Problem 6. Let f(x) be an integrable function on (−∞,∞) and

fn(x) = n

∫ x+ 1
n

x

f(t) dt, n = 1, 2, 3, · · ·

Prove that

lim
n→∞

∫
R
|fn(x) − f(x)|dx = 0.

Proof. • Proof 1 Let n ∈ N. Notice that∫
R
|fn(x)| dx =

∞∑
k=−∞

∫ 1
n

0

|fn(x +
k

n
)| dx =

∫ 1
n

0

( ∞∑
k=−∞

|fn(x +
k

n
)|
)
dx

≤
∫ 1

n

0

( ∞∑
k=−∞

n

∫ x+ k+1
n

x+ k
n

|f(t))| dt
)
dx

=

∫ 1
n

0

n

∫
R
|f | dx =

∫
R
|f | dx.

Thus

||fn||1 ≤ ||f ||1, for all n ∈ N. (0.2)

Let s(x) :=
∑k

i=1 aiχI1(x) be a step function. Then

sn(x) = n

∫ x+ 1
n

x

k∑
i=1

aiχIi(t) dt = n

k∑
i=1

aim(Ii ∩ [x, x +
1

n
]).

Let x be a point in the interior of ∪k
i=1Ii. WLOG assume x ∈ int(Ij) = (pj, qj) for some

j ∈ {1, · · · , k} and pj, qj ∈ R. Then there is N ∈ N (for example take N such that
1
N

≤ min{x− pj, qj − x}) such that for each n > N , [x, x + 1
n
] ∈ Ij. Hence for each n > N ,
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sn(x) = aj = s(x). If x /∈
⋃k

i=1 Ij, then clearly s(x) = sn(x) = 0 for any n ∈ N. And the set

of end-points of the intervals Ii’s are finite. This says sn
a.e−→ s. That is (sn − s)

a.e−→ 0. Then
by the Lebesgue Dominated Convergence Theorem we have the claim for any step function:

lim
n→∞

||sn − s||1 = 0. (0.3)

Let f ∈ L1(R). Let ϵ > 0 be given. Then we can find s ∈ step(R) such that ||f−s||1 < ϵ
2
.

Then by (0.2) we have ||fn − sn||1 = ||(fn − sn)||1 ≤ ||f − s||1 < ϵ
2
. Thus

||fn − f ||1 ≤ ||fn − sn||1 + ||sn − s||1 + ||s− f ||1 < ||sn − s|| + ϵ.

Then by taking the limit as n → 0, we get limn→∞ ||fn − f ||1 = 0 as ϵ > 0 is arbitrary.

• Proof 2 Define F : R → R by F (x) :=
∫ x

0
f(t)dt. Because f ∈ L1(−∞,∞), this is

well-defined and absolutely continuous. Thus F ′(x) = f(x) for almost every x ∈ (−∞,∞).
Notice that

F (x + 1
n
) − F (x)
1
n

= fn(x), for n ∈ N.

Thus limn→∞ fn(x) = f(x) for almost every x ∈ R. By Minkowski’s inequality and (0.2)
we have ||fn − f ||1 ≤ ||fn||1 + ||f ||1 ≤ 2||f ||1 < ∞. Therefore by the Lebesgue Dominated
Convergence Theorem,

lim
n→∞

∫
R
|fn(x) − f(x)|dx = 0.
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Summer 2019
Pavel Bleher

Problem 1. Let E ⊂ R, mE = 0, and P (x) a real polynomial of degree d ≥ 1. Let

S = P−1(E) = {x ∈ R : P (x) ∈ E}.

Prove that mS = 0.

Proof. Let I ⊂ R be a bounded interval. Then P−1(I) consists with at-most d number of
disjoint bounded intervals. Notice that if l(I) goes to 0 (that is when I contracts to a point),
so does m(P−1(I)). Otherwise there will be a point a such that P−1({a}) has an interval.
But that contradicts d ≥ 1. Thus for a given ϵ > 0, there is d(ϵ) > 0 such that if l(I) < d(ϵ),
then m(P−1(I)) < ϵ (basically because P is continuous and P ′ is bounded on compact sets).
Because m(E) = 0, we can find a countable collection {Ii,ϵ}i∈N of disjoint open intervals which
forms an open cover of E such that l(Ii,ϵ) ≤ d( ϵ

2i
). Then S = P−1(E) ⊂ P−1(

⊔∞
i=1 Ii,ϵ) =⊔∞

i=1 P
−1(Ii,ϵ) and therefore m(S) ≤

∑∞
i=1m(P−1(Ii,ϵ)) ≤ ϵ (S is measurable as E and f are

measurable). Because this is true for any ϵ > 0, m(S) = 0.

Problem 2. Prove that the function

f(x) =
∞∑
n=1

| tan(nx)|1/2

n2

is finite almost everywhere on the interval [0, π].

Proof. If we can prove f ∈ L1([0, π]), then we are done. For k ∈ N, define

fk(x) :=
k∑

n=1

| tan(nx)|1/2

n2
.

Then ∫ π

0

fk(x) dx =
k∑

n=1

∫ π

0

| tan(nx)|1/2

n2
dx =

k∑
n=1

∫ nπ

0

| tan(x)|1/2

n3
dx

≤
k∑

n=1

1

n3

n−1∑
i=0

∫ (i+1)π

iπ

∣∣∣(i +
1

2
)π − x

∣∣∣− 1
2
dx

(
∵ | tan(nx)|1/2 ≤

∣∣∣π
2
− x

∣∣∣− 1
2

on [0, π]
)

=
k∑

n=1

1

n3

n−1∑
i=0

2
√

2π = 2
√

2π
k∑

n=1

1

n2

≤ 2
√

2π
∞∑
n=1

1

n2
=: M < ∞.

Since this is true for any k ∈ N, by the Monotone Convergence Theorem,
∫ π

0
f(x) ≤ M < ∞.
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Problem 3. Prove that for any integrable function f on the line,

lim
n→∞

∫ ∞

∞
f(x) [sin(nx)]n dx = 0.

Proof. • Proof 1. By the density of step(R) in L1(R) under || · ||1 and the linearity of the
Lebesgue integral, it is enough to show the claim for the case when f ∈ step(R). So let
f(x)

a.e
= χ[a,b](x) for any interval [a, b]. By change of variables we get∫ ∞

−∞
χ[a,b](x) · [sin(nx)]n dx = 1/n

∫ nb

na

(sinx)n dx.

Let αn = 1−1/ ln(n+1). Then αn ↗ 1 and limn→∞ αn
n = 0. For n ∈ N choose En ⊂ [na, nb]

so that αn ≥ sup{| sinx| : x ∈ [na, nb]\En} and
∫
En

| sinx|n dx ≤ an ≤ 1.

(Idea: Depending on n ∈ N, choose a finite collection of disjoint intervals around the
points [na, nb] ∩ sin−1({±1}) with above given properties).

Then

lim
n→∞

1

n

∫ nb

na

| sinx|n dx = lim
n→∞

( 1

n

∫
(na,nb)\En

| sinx|n dx +
1

n

∫
En

| sinx|n dx
)

≤ lim
n→∞

( 1

n
· αn

n · (nb− na) +
1

n
· 1
)

= lim
n→∞

αn
n(b− a)

= 0.

• Proof 2. Instead of creating the sequence (En)n=1 of sets as above, use the fact

m
(⋃∞

n=1 sin−1({±1})/n
)

= 0 and the Lebesgue Dominated Convergence Theorem on

fn(x) := χ[a,b](x) · sinn(nx).

Problem 4. Let f ≥ 0 be a measurable function on E ⊂ R and mE < ∞. Let

En = {x ∈ E : f(x) ≥ n}.

Prove that f is integrable if and only if

∞∑
n=1

mEn < ∞.

Proof. Notice that
∑∞

n=1m(En) =
∑∞

n=1 n ·m(En\En+1) and

∞∑
n=1

n ·m(En\En+1) ≤
∞∑
n=1

∫
En\En+1

f ≤
∞∑
n=1

(n + 1) ·m(En\En+1). (0.4)
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Because m(E) < ∞,

f is integrable iff

∫
E1

f < ∞ iff
∞∑
n=1

∫
En\En+1

f < ∞.

Then by the comparison tests (standard and limit comparison tests) and (0.4), we get the
claim.

Problem 5. Let f be a measurable function on [0, 1] and

A = {x ∈ [0, 1] : f(x) ∈ Z}.

Prove that the set A is measurable and

lim
n→∞

∫ 1

0

| cos(πf(x))|n dx = mA.

Proof. Because A =
⊔

n∈Z f
−1({n}), it is measurable as countable union of measurable sets

is measurable.

lim
n→∞

∫ 1

0

| cos(πf(x))|n dx = lim
n→∞

∫
[0,1]\A

| cos(πf(x))|n dx + lim
n→∞

∫
A

| cos(πf(x))|n dx

= 0 + lim
n→∞

∫
A

1 dx, ∵ | cos(πf(x)χ[0,1]\A(x))|n → 0 and by LDCT.

= m(A).

Problem 6. Let fn(x) = cos(nx) on [0, 2π]. Prove that there is no sub-sequence fnk

converging almost everywhere in [0, 2π].

Proof. Let (fnk
)k∈N be a sub-sequence of (fn)n∈N. For the sake of contradiction let’s as-

sume that it converges almost everywhere on [0, 2π]. Then the sequence
(
(fnk

− fnk+1

)2
)∞k=0

converges to 0 almost everywhere on [0, 2π]. Therefore by LDCT,

0 = lim
k→∞

∫ 2π

0

(fnk
− fnk+1

)2 = lim
k→∞

∫ 2π

0

(
cos(nkx) − cos(nk+1x)

)2

dx = 2π.

Hence the contradiction.
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Winter 2019
Pavel Bleher

Problem 1. Let F be a bounded, closed set on the line, and

Fϵ =
⋃
x∈F

[x− ϵ, x + ϵ], ϵ > 0.

Prove that limϵ→0mFϵ = mF , where m is the Lebesgue measure.

Proof. Because F =
⋂

k=1 F1/k, we have the claim by the continuity of Lebesgue measure
(and, if you want, the squeeze theorem).

Problem 2. Let E1 ⊂ E2 ⊂ · · · be an increasing sequence of Lebesgue measurable sets
on the line, such that the set E =

⋃∞
n=1 En has a finite Lebesgue measure, mE < ∞. Prove

that for any set A ⊂ R (not necessarily measurable),

lim
n→∞

m∗(A ∩ En) = m∗(A ∩ E).

Proof. Because En ∩ A ⊂ E ∩ A for all n ∈ N, we have

lim sup
n→∞

m∗(A ∩ En) ≤ m∗(A ∩ E).

On the other hand, because m∗(A ∩ E) < m(E\En) + m∗(A ∩ En), we have

m∗(A ∩ E) ≤ lim inf
n→∞

m∗(A ∩ En).

Thus
lim
n→∞

m∗(A ∩ En) = m∗(A ∩ E).

Problem 3. Let f ∈ L1(−∞,∞). Find the limit,

lim
n→∞

∫ ∞

−∞
f(x)

(
cosx +

sin2 x

2

)n

dx,

and justify your answer.

Answer. Notice that 0 ≤ (1 − cosx)2 implies cosx + sin2 x/2 ≤ 1. Hence the maximum
value the function g(x) := | cosx + sin2 x/2| can obtain is 1, and g−1({1}) is countable.
Because f ∈ L1(−∞,∞), f−1({∞}) has measure zero. Therefore the set E := g−1({1}) ∪
f−1({∞}) also has measure zero. Define the sequence (fn)n=1 of measurable functions on

R by fn(x) := f(x)
(

cosx + sin2 x
2

)n

. Then it is integrable as |fn| ≤ |f |, and fn → 0 for all

x ∈ R\E. Thus by the Lebesgue Dominated Convergence Theorem,

lim
n→∞

∫ ∞

−∞
f(x)

(
cosx +

sin2 x

2

)n

dx = 0.

Problem 4. Prove that for any integrable function f on the interval [a, b],

lim
n→∞

∫ b

a

cos(nx)

1 + sin2(nx)
f(x) dx = 0.
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Proof. Due to the separability of L1[a, b] by S ′[a, b] (the collection of all step functions on
[a, b] with rational values) under L1[a, b] norm, and the linearity of the Lebesgue integral, if
we can show the claim when f(x) = 1 on any sub-interval [p, q] ⊆ [a, b], then we are done.
In fact

lim
n→∞

∫ q

p

cos(nx)

1 + sin2(nx)
dx = lim

n→∞

[tan−1(sin(nx))

n

]q
p
≤ lim

n→∞

π

n
= 0.

Problem 5. Let E ⊂ [0, 1] be a measurable set such that there exists ϵ > 0 such that

m(E ∩ [a, b]) ≥ ϵ|b− a|

for all [a, b] ⊂ [0, 1]. Prove that mE = 1.

Proof. We show m(Ec) = m([0, 1]\E) = 0. For k > 1, choose collection {In}n=1 of open
disjoint intervals such that Ec ⊂

⊔
n=1 In and

∑
n=1 m(In) < m(Ec) + ϵ/k. Then

ϵ
∑
n=1

m(In) ≤
∑
n=1

m(E ∩ In) < m(
( ⊔
n=1

In
)
\Ec) =

∑
n=1

m(In) −m(Ec) <
ϵ

k
.

This implies
∑

n=1m(In) ≤ 1/k for any k > 1. Thus
∑

n=1 m(In) = 0. Because Ec ⊂
⊔

n=1 In,
m(Ec) = 0.

Problem 6. Prove that for any function f ∈ L2[0, 1],

|| ln(1 + |f |)||L1[0,1] ≤ ||f ||L2[0,1].

Proof. By Jensen’s inequality (on φ(x) = x2),

|| ln(1 + |f |)||2L1[0,1] ≤
∫ (

ln(1 + |f |)
)2
. (0.5)

A fact:

For any x ≥ 0, ln(1 + x) ≤ x. (0.6)

By combining (0.5) and (0.6), we get the claim.
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Summer 2018
Pavel Bleher

Problem 1. Let E be the set of real numbers x on the interval [0, 1] such that in the decimal
form of x = 0.i1i2i3 · · · there is no string of four consecutive digits 2018. Prove that

1. the set E is uncountable

2. mE = 0, where mE is the Lebesgue measure of E.

Proof. 1. The set {x ∈ [0, 1] : the decimal expansion of x consists with only 3 and 4} is
uncountable (by Cantor’s diagonal argument), and is a subset of E.

2. Notice that

[0, 1]\E =
1

104
[2018, 2019) ⊔ 1

108

104−1⊔
i=0

i ̸=2018

[i2018, i2019) ⊔ 1

1012

104−1⊔
i,j=0

i,j ̸=2018

[ij2018, ij2019) ⊔ · · ·

Thus m([0, 1]\E) = 1
104−1

∑∞
i=1(

104−1
104

)i = 1, and therefore m(E) = 0.

Problem 2. Prove that the function

f(x) =
∞∑
n=1

|x− n−1|1/2

n2

is absolutely continuous on [0, 1].

Proof. Because |x−1/n| ≤ 1 for any x ∈ [0, 1], the series
∑∞

n=1
|x−n−1|1/2

n2 converges absolutely
for all x ∈ [0, 1]. Thus for any a, b ∈ [0, 1], a < b we have

|f(b) − f(a)| =
∣∣∣ ∞∑
n=1

|b− n−1|1/2

n2
−

∞∑
n=1

|a− n−1|1/2

n2

∣∣∣ ≤ ∞∑
n=1

b− a

2n3/2
≤ M(b− a).

Here M =
∑∞

n=1
1

n3/2 . Thus f is Lipschitz and therefore absolutely continuous.

Problem 3. Prove that for any integrable function f on the interval [a, b],

lim
n→∞

∫ b

a

f(x) sin4(nx)dx =
3

8

∫ b

a

f(x) dx.

Proof. We have that

sin4(nx) =
3 − 4 cos(2nx) + cos(4nx)

8
.

Thus if we can show that

lim
n→∞

∫ b

a

f(x) cos(knx)dx = 0,
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for any f ∈ L1[a, b] and any constant k ∈ R, then we are done. Because S[a, b] - the
collection of all step functions on [a, b], is dense in L1[a, b] under L1[a, b] norm, and the
Lebesgue integral is linear, if we can show that

lim
n→∞

∫ q

p

cos(nx)dx = 0 for any p, q ∈ R, p < q,

then we are done. In fact

lim
n→∞

∣∣ ∫ q

p

cos(nx)dx
∣∣∣ = lim

n→∞

1

n

∣∣∣ ∫ nq

np

cosxdx
∣∣∣ ≤ lim

n→∞

2

n
= 0.

Problem 4. Let f ∈ L2(−∞,∞). Prove that

lim
n→∞

∫ ∞

−∞
f(x)f(x + n)dx = 0.

Proof. Because
∫
R f(x)dx =

∫
R f(x + n)dx for any n ∈ N, from Holder’s inequality we have∫

R

∣∣f(x)f(x + n)
∣∣dx ≤ ||f(x)||2 · ||f(x + n)||2 = ||f(x)||22 < ∞.

Thus f(x)f(x + n) ∈ L1(−∞,∞) for all n ∈ N. Therefore if we can show

lim
n→∞

∫ N

−N

f(x)f(x + n)dx = 0 for any N ∈ N,

then we are done.

And if we can show this claim for any simple function on [−N,N ], then we are done by
the simple approximation theorem. Let φ(x) =

∑k
i=1 aiχEi

(x) where Ei ⊂ [−N,N ] for all

i = 1, · · · k. Then φ(x + n) =
∑k

i=1 aiχEi−n(x). Hence∫
[−N,N ]

φ(x)φ(x + n)dx =
k∑

i=1,j=i

aiajm(Ei ∩ (Ej − n)).

Because each Ej is bounded, for large enough n (say n > 2N) we have that Ei∩ (Ej−n) = ∅
for all i, j ∈ {1, · · · k}. Thus

lim
n→∞

∫
[−N,N ]

φ(x)φ(x + n)dx = 0.

Problem 5. Let f ∈ L3[0, π] and

g(x) =
f(x)

| sinx|0.1
.

Prove that ||g||2 ≤ 2||f ||3.
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Proof. Let θ ∈ [0, π/2] be such that θ3 = sin2 θ. Then simple calculations show that π/4 <
θ < π/3. So, x3 < sin2 x on [0, θ) and sin2 x < x3 on (θ, π/2]. Hence∫ π

0

dx

sin0.6 x
= 2

∫ π/2

0

dx

sin0.6 x
∵ y = 1/ sin0.6 x is symmetric around x = π/2

≤ 2
(∫ θ

0

dx

x0.9
+

∫ π/2

θ

dx

sin0.6 x

)
≤ 2

([
x0.1

]θ
0

+
π/2 − θ

sin0.6 θ

)
≤ 2

(
θ0.1 +

π/4

θ0.9

)
≤ 2

(
(π/3)0.1 + (π/4)0.1

)
< 2(2 + 2)

< 8. (0.7)

This says that sin0.2 x ∈ L3[0, π]. Then by (generalized) Holder’s inequality we have

||g||2 =
(∫

[0,π]

f(x)2

sin0.2(x)
dx

)1/2

≤ ||f ||3
(∫

[0,π]

dx

sin0.6 x

)1/6

≤ ||f ||381/6 < 2||f ||3.

Problem 6. Let f(x) be an integrable function on (−∞,∞) and n ≥ 1 an integer.
Define

fn(x) = n

∫ x+ 1
n

x

f(t)dt.

Prove that ||fn||1 ≤ ||f ||1.

Proof. • Proof 1. By Tonelli,

||f ||n ≤
∫
R
n

∫
R
|f(t)| · χ[x,x+ 1

n
]dtdx =

∫
R
n

∫
R
|f(t)| · χ[x,x+ 1

n
]dxdt =

∫
R
n|f(t)| 1

n
= ||f ||1.

• Proof 2.

||f ||n =

∫
R
|fn(x)| dx =

∞∑
k=−∞

∫ 1
n

0

|fn(x +
k

n
)| dx =

∫ 1
n

0

( ∞∑
k=−∞

∣∣fn(x +
k

n
)
∣∣) dx

≤
∫ 1

n

0

( ∞∑
k=−∞

n

∫ x+ k+1
n

x+ k
n

|f(t)| dt
)
dx

=

∫ 1
n

0

n||f ||1 dx = ||f ||1.
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